
� Corresponding author.

E-mail address: jinkoo@yurim.skku.ac.k

0141-0296/$ - see front matter # 2003 Pub

doi:10.1016/j.engstruct.2003.09.014
r (J. Kim).

lished by Elsevier Ltd.
Engineering Structures 26 (2004) 335–346

www.elsevier.com/locate/engstruct
Evaluation of equivalent damping ratio of a structure
with added dampers

Sang-Hyun Lee a, Kyung-Won Min b, Jae-Seung Hwang c, Jinkoo Kimd,�

a Department of Architecture, Seoul National University, Seoul, South Korea
b Department of Architectural Engineering, Dankook University, Seoul, South Korea

c School of Architecture, Chonnam National University, Gwangju, South Korea
d Department of Architectural Engineering, Sungkyunkwan University, Suwon, South Korea

Received 21 October 2002; received in revised form 15 April 2003; accepted 17 September 2003
Abstract

The purpose of this study is to propose a new method for evaluating the equivalent damping ratio of a structure with sup-
plemental damping devices to assess the vibration control effect quantitatively. The modal-energy-formed Lyapunov function is
defined first, and the Riccati matrix and damping rate parameter are derived. Then from its analogy with the definition of a vis-
cous modal damping ratio, the equivalent damping ratio is defined. The proposed approach is applied to estimate the equivalent
damping ratio of a structure with various added damping devices. Then a closed-form solution is derived to obtain an equivalent
modal damping ratio without carrying out numerical analysis. Results from the numerical analysis verify that the proposed
method provides an equivalent damping ratio of a structure equipped with nonlinear as well as linear damping devices quite accu-
rately.
# 2003 Published by Elsevier Ltd.
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1. Introduction

The damping in a structure, although contributing
significantly to dynamic responses, is difficult to quan-
tify in mathematical form unlike other structural
properties such as mass and stiffness. Various methods
have been developed for estimating equivalent damping
ratio from vibration test results [1,2]. In addition,
eigenvalue analysis of a system matrix obtained from
the system identification technique [3] and ARMA
model can provide proper damping ratios [4].
Recently various types of damping devices, both

passive and active, have been applied in structures to
reduce excessive vibration [5]. For the purpose of inves-
tigating the control effects of damping devices, much
research adopts the concept of equivalent damping
ratio. Particularly, if the amount of damping ratio
required to reduce the response of a structure to a
desirable level is given, and the control efficiency of a
damping device can be interpreted with a damping
ratio, the design procedure of a damping device can be
much simplified. Hartog [6] calculated the increase in
damping ratio of a primary structure with a tuned mass
damper as a function of mass ratio. Chang et al. [7]
applied the modal-strain-energy method to assess the
equivalent damping ratio of structures with viscoelastic
dampers. Li and Reinhorn [8] derived the damping
ratio of a structure with supplemental friction dampers
through identification procedure using acceleration
response transfer functions. In the NEHRP Guidelines
for the Seismic Rehabilitation of Buildings (FEMA
273) [9], the ratio of dissipated energy to conserved
energy is recommended to estimate the damping ratio
of a structure with passive energy dissipation devices.
For active control, the procedure for evaluating

damping ratios depends on control algorithms. If con-
trol forces are generated by linear control laws, damp-
ing ratios can be easily obtained from eigenvalue
analysis. In the case of nonlinear control laws,
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however, eigenvalue analysis cannot be applicable and
procedures such as the half power band-width method,
the system identification technique, and the ratio of
dissipated to conserved energy need to be applied to
estimate the equivalent damping ratio. These methods,
however, have their restrictions with application; for
example, half power method can be applied when
damping is relatively small, and the method based on
dissipated to conserved energy can be applied accu-
rately only when excitation is harmonic force.
The purpose of this study is to propose a new and

generalized approach to evaluate the equivalent damp-
ing ratio of a structure with any type of supplemental
damping device. The equivalent damping ratio is eval-
uated using the Lyapunov function and its derivative.
In the process, it is assumed that:

1. the response of a structure is stationary random pro-
cess;

2. the damping devices do not affect the mode shapes
of the structure; and

3. the structure has proportional inherent damping.

These assumptions can be justified by the fact that sup-
plemental damping devices are minor elements in
building structures and proportional damping can
describe the mechanism of energy dissipation. To show
the effectiveness of the proposed approach, the equiva-
lent modal damping ratios of a structure with linear
viscous dampers (VDs), active mass driver (AMD), and
friction dampers (FDs) are derived, and the results are
compared with those obtained by conventional eigen-
value analysis. Also closed-form formulas are derived
to quantify the equivalent damping ratio of a structure
with added dampers without carrying out time-history
analysis. It should be noted that the proposed
approach has little advantage in predicting equivalent
damping of a linear system compared to conventional
method. However, in structures with nonlinear damp-
ing devices, the proposed procedure can provide a con-
venient tool for estimation of the damping effect.
2. Derivation of equivalent damping ratios

2.1. Equation of motion

The equation of motion of a multi-degrees-of-free-
dom (MDOF) system subjected to dynamic environ-
mental load f ðtÞ and control force uðtÞ is given by

M€xxðtÞ þ C _xxðtÞ þ KxðtÞ ¼ LcuðtÞ þ Lef ðtÞ; ð1Þ

where M, C and K denote the mass, damping and stiff-
ness matrices, respectively; xðtÞ is the displacement vec-
tor; and Lc and Le represent the location vector of
control force contributed from supplemental damping
devices and the influence vector of excitation, respect-
ively. Using mode-superposition method, Eq. (1) can
be transformed to the following modal equation:

€ggiðtÞ þ 2nixi _ggiðtÞ þ x2
i gðtÞ ¼ /T

i LcuðtÞ þ /T
i Lef ðtÞ;

xðtÞ ¼
Xn
i

/igiðtÞ ð2Þ

where gi, ni, xi, and /i denote the displacement, damp-
ing ratio, natural frequency, and eigenvector of the ith
mode, respectively. The eigenvector is mass normalized.
The state-space expression of Eq. (2) becomes

_zziðtÞ ¼ AiziðtÞ þ BiuðtÞ þHif ðtÞ;
ziðtÞ ¼ giðtÞ _ggi ðtÞ½ �T ð3Þ

where the matrices Ai, Bi, and Hi are given by

Ai ¼
0 1

�x2
i �2xini

� �
Bi ¼

0

/T
i Lc

� �

Hi ¼
0

/T
i Le

� �
: ð4Þ

The Lyapunov function ei is defined as follows:

eiðtÞ ¼ zTi ðtÞPiziðtÞ; ð5Þ

where Pi is arbitrarily chosen positive definite Riccati
matrix. By differentiating both sides of Eq. (5) and sub-
stituting Eq. (3), we get

_eeiðtÞ ¼ zTi ðtÞ AT
i Pi þ PiAi

� �
ziðtÞ þ 2zTi ðtÞPiBiuðtÞ

þ 2zTi ðtÞPiHif ðtÞ: ð6Þ

If positive definite Riccati matrix Pi and positive scalar
ai exist to satisfy the following Eq. (7), the derivative of
the Lyapunov function can be expressed in auto-
regressive form and modal states can satisfy the stab-
ility condition, as shown in Eq. (8)

AT
i Pi þ PiAi ¼ �aiPi ð7Þ

_eeiðtÞ ¼ �aieiðtÞ þ 2zTi ðtÞPiBiuðtÞ þ 2zTi ðtÞPiHif ðtÞ: ð8Þ

Eq. (8) indicates that the amplitude of eiðtÞ decays
exponentially with time without control force uðtÞ and
excitation f ðtÞ. The property ai is related to the damp-
ing rate at which free vibration decays.
2.2. Calculation of P and a

Solving the eigenvalue problem of Ai leads to the
following relationship:

Ai ¼ UKU�1 ð9Þ

in which U ¼ 1 1
k1 k2

� �
; K ¼ k1 0

0 k2

� �
. The eigenva-

lues of Ai, k1 and k2 are

k1;2 ¼ �nixi 	 xi

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2i

q
i: ð10Þ
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Substitution of Eq. (9) for Ai in Eq. (7) gives

U�1� �T
KUTPi þ PiUKU�1 ¼ �aiPi: ð11Þ

If both sides of Eq. (11) are pre-multiplied by UT and

post-multiplied by U, Eq. (11) can be written in com-

pact form as

K�PPþ �PPK ¼ �ai�PP ð12Þ

in which�PP ¼ UTPiU. Eq. (12) can be separated into

element-to-element equations; i.e. the elements �ppijði;j¼1;2Þ

of �PP are determined by solving the following equations:

2k1�pp11 ¼ �ai�pp11 ð13Þ
2k2�pp22 ¼ �ai�pp22 ð14Þ
k1 þ k2ð Þ�pp12 ¼ �ai�pp12: ð15Þ

If all the elements of �PP are nonzero, there is no con-

stant ai to satisfy Eq. (13)–(15) simultaneously. Positive

definite matrix Pi and the constant ai can be obtained

as follows by setting �pp11 ¼ �pp22 ¼ 0 and �pp12 6¼ 0:

ai ¼ � k1 þ k2ð Þ ¼ 2nixi ð16Þ

Pi ¼ UT
� ��1�PPU�1 ¼ �pp12

8x2
i ð1� n2i Þ

x2
i nixi

nixi 1

� �
: ð17Þ

Because the variation of �pp12 has no effect on the physi-

cal meaning of ei (�pp12 merely affects the relative magni-

tude of ei), �pp12 can be set to 8x2
i ð1� n2i Þ without loss of

generality, then Pi and ei become

Pi ¼ x2
i nix1

nix1 1

� �
ð18Þ

eiðtÞ ¼ x2
i g

2
i ðtÞ þ 2nixigiðtÞ _ggiðtÞ þ _gg2i ðtÞ: ð19Þ

Since the damping ratio ni of a typical civil structure is

much smaller than 1, the second term in the left-hand

side of Eq. (19) is very small, and therefore eiðtÞ is

positive. In this study eiðtÞ is the modified energy of the

ith mode. The term modified energy is used because eiðtÞ
includes the correlation between modal displacement

and velocity.
Fig. 1 compares the total energy of a single-degree-

of-freedom (SDOF) system undergoing free vibration,

consisting of the strain energy, and kinetic energy, with

the previously defined modified energy. The mass, stiff-

ness, and damping of the system are given as 15 kg,

770 N/m, and 10%, respectively. It can be observed

that the modified energy decays exponentially with

time as expected, but the total energy decays with fluc-

tuation. Therefore, the effect of damping is more

apparent in the dissipation of modified energy than in

the dissipation of the total energy.
2.3. Equivalent damping ratios

Eq. (8) indicates that the control force uðtÞ generated
by supplemental damping devices can play the same

role as ai which decreases the Lyapunov function ei
exponentially with time. For the normalization of the

effect of uðtÞ in terms of ai, the second term in the

right-hand side of Eq. (8) can be expressed as follows

with the introduction of another parameter, aia:

uiðtÞ ¼ �aiaeiðtÞ ð20Þ

in which uiðtÞ ¼ 2zTi ðtÞPiBiuðtÞ and the parameter aia is
a function of time as are the Lyapunov function eiðtÞ
and uiðtÞ. The damping ratio introduced by damping

devices can be obtained as follows with reference to

Eq. (16):

nia ¼
aia
2xi

: ð21Þ

The proposed equation for the damping ratio is a

function of time while the damping ratio in typical

structural dynamic problem has constant value. This

inconsistency is natural considering the dynamic char-

acteristics of damping devices, whose damping effects

vary with time. Therefore a constant representative

value for time-dependent damping ratio is required for

efficient evaluation of damping capacity and for simpli-

fication of analysis. This can be realized by taking the

mean value of both sides of Eq. (20):

E uiðtÞ½ � ¼ �aieqE eiðtÞ½ � ð22Þ

where E �½ � is the function of expectation which avera-

ges the control effect of damping devices. The constant

value of aieq computed from Eq. (22) is used to obtain
Fig. 1. Modified energy and strain+kinetic energy.
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the constant damping ratio as follows:

nieq ¼
aieq
2xi

: ð23Þ

Finally the equation of motion, Eq. (2), can be
rewritten as follows using the equivalent damping ratio
nieq computed from Eq. (23):

€ggiðtÞ þ 2ðni þ nieqÞxi _ggiðtÞ þ x2
i gðtÞ ¼ /T

i Lef ðtÞ: ð24Þ
3. Closed-form solutions for the equivalent damping

ratio

The proposed method is powerful and versatile in
the sense that it can provide equivalent damping ratios
associated with higher modes, and that it can be
applied to damping devices controlled by the nonlinear
as well as the linear control law. The method, however,
has a shortcoming in that it requires dynamic time-his-
tory analysis to evaluate the equivalent modal damping
ratio. This will be troublesome and time consuming
especially in the preliminary design stage.
In this section, closed-form formulas are derived to

quantify the equivalent damping ratio of a structure
with added dampers without carrying out time-history
analysis. The derivation is based on the well-known
knowledge that the dynamic response of typical build-
ing structures is represented well by the fundamental
mode. A MDOF system is transformed to an equiva-
lent SDOF system. Then the effect of damping device
on this fundamental mode is estimated by using the
proposed method.

3.1. Equivalent SDOF model for a MDOF system

To transform a MDOF system into an equivalent
SDOF system, the displacement vector xðtÞ of a
MDOF system is expressed approximately as

xðtÞ ¼ /dðtÞ; ð25Þ

where / is a vector of deflection shape for the funda-
mental mode normalized to the top-story displacement
dðtÞ. Then the equation of motion of an equivalent
SDOF system is obtained as

M�€ddðtÞ þ C� _ddðtÞ þ K�dðtÞ
¼ /TLuuðtÞ þ /TLef ðtÞ; ð26Þ

where M� ¼ /TM/, C� ¼ /TC/, and K� ¼ /TK/.
Dividing both sides of the Eq. (26) by M�, we obtain

€ddðtÞ þ 2noxo
_ddðtÞ þ x2

odðtÞ

¼ /TLu

M� uðtÞ þ /TLe

M� f ðtÞ; ð27Þ

where x2
o ¼ K�=M� and no ¼ C�=2xoM

�. The damping
ratio increased by a damping device in the equivalent
SDOF system, neq, can be derived as follows using

Eq. (23):

neq ¼ �
E zðtÞTPBuðtÞ
h i

xoE zðtÞTPzðtÞ
h i ; ð28Þ

where zðtÞT ¼ dðtÞ _dd ðtÞ

 �T

, P ¼ x2
o noxo

noxo 1

� �
, and

B ¼ 0
/TLu

M�

� �
.

To evaluate the damping ratio of the equivalent
SDOF system, determining the shape vector is essen-
tial. In this study / is assumed to be the shape vector
corresponding to the deflected shape under the action
of a statically applied lateral load with an inverted tri-
angular distribution pattern represented as follows [1]:

Fj ¼ Vb � Ftð Þ wjhjPN
i¼1 wihi

; ð29Þ

where Fj is the seismic story force at the jth story, hj
and wj are the height and weight of the jth story,

respectively, and Vbis the base shear. The force at the
top floor is increased by an additional force Ft, which
has a different value according to the fundamental
natural period. The National Building Code of Canada
(NBCC) [10] recommends:

Ft ¼
0 T1 � 0:7
0:07T1Vb 0:7 < T1 � 3:6
0:25Vb T1  3:6

8<
: : ð30Þ

3.2. Derivation of closed-form solutions

Structural responses for dynamic loads such as
earthquakes or wind loads have statistical character-
istics; i.e. responses can be described by the mean and
standard deviation. Considering that forces generated
from damping devices are dependent on the structural
responses, the equivalent damping contributed from
these damping forces also has statistical characteristics.
In this sense the method proposed in this study begins
with taking the expected responses to obtain mean
values based on the assumption that responses are
stationary and Gaussian. Then statistical properties of
responses are obtained and closed-form formulas for
equivalent damping ratios are derived.
It is assumed that the top-floor displacement d and

velocity _dd have the following statistical characteristics:

E d2ðtÞ

 �

¼ r2d ð31Þ

E _dd2ðtÞ
h i

¼ r2_dd ¼ x2
or

2
d ð32Þ

E dðtÞ � _ddðtÞ
h i

¼ 0; ð33Þ
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where rd and r _dd are standard deviations of displace-

ment and velocity, respectively. Using the above equa-

tions, the denominator of Eq. (28) becomes

xoE zðtÞTPzðtÞ
h i

¼ xo x2
od

2ðtÞ þ 2noxodðtÞ _ddðtÞ þ _dd2ðtÞ
h i

¼ 2x3
or

2
d : ð34Þ

In order to evaluate the numerator in Eq. (28), the con-

trol force uðtÞ should be known. As uðtÞ is generally a

function of the displacement and velocity responses,

equivalent damping ratio is evaluated for the following

cases for uðtÞ:

. Case 1: uðtÞis linearly proportional to the relative
velocity between the ends of a device.

. Case 2: uðtÞis a linear function of states.

. Case 3: uðtÞis a constant multiplied by the sign of
the relative velocity between the ends of a device.

In Case 1 and 2 the damping device adds stiffness or

viscosity to the structure. Case 3 corresponds to the

FD or bang-bang controlled AMD. The control force

for each case generated from the damping device

installed at the jth inter-story or on the jth floor is

given by

. For Case 1:

ujðtÞ ¼ coj _ddðtÞdrjcoshj ; ð35Þ
. For Case 2:

uðtÞ ¼ �GzðtÞ ¼ �G1/dðtÞ � G2/ _ddðtÞ; ð36Þ
. For Case 3:

ujðtÞ ¼ umaxjsgn _ddðtÞdrj
h i

coshj; ð37Þ

in which hj is the angle between the axis of the jth

device and the floor at which the device is installed. coj
and umaxj are viscosity and maximum control force of

device j, respectively. The relative displacement between

the ends of device j along the device axis, drj is determ-

ined based on the deflection shape vector /, and sgn �½ �
is the sign function. G1 and G2 are gains for displace-

ment feedback and velocity feedback, respectively. Sub-

stituting the expressions of P and B into the numerator

of Eq. (28) leads to

E zðtÞTPBuðtÞ
h i
¼ 1

M� E noxodðtÞ þ _ddðtÞ
� �

/TLuuðtÞ
h i

: ð38Þ
The jth element of the vector /TLu for Cases 1–3 is

given by

/TLu


 �
jth element

¼ �drjcoshj: ð39Þ

Thus, the corresponding numerators become

. For Case 1:

1

M� E noxod þ _dd
� �

�
X
j

�drjcoshj
� �

coj _dddrjcoshj

" #

¼ �1
M�

X
j

E coj _dd
2d2rjcosh

2
j

h i

¼ �x2
or

2
d

M�

X
j

cojd
2
rjcosh

2
j ð40Þ

. For Case 2:

1

M�E noxodðtÞþ _ddðtÞ
� �

�/TLu �G1/dðtÞ�G2/ _ddðtÞ
� �h i

¼�1
M�

X
j

E /TLu noxoG1/d
2ðtÞþG2/ _dd2ðtÞ

� �h i

¼
�/TLu noxoG1/þG2/x2

o

� �
r2d

M� ð41Þ

. For Case 3:

1

M�E noxodðtÞþ _ddðtÞ
� �

�
X
j

�drjcoshj
� �

umaxj

"

�sgn _ddðtÞdrj
h i

coshj

#
¼ �1
M�

X
j

E umaxj _ddðtÞ
�� �� drj

�� ��cosh2jh i

¼
�E _dd

�� ��h i
M�

X
j

umaxj drj
�� ��cosh2j : ð42Þ

The expectation of the absolute value of the variable x,

which has Gaussian probability distribution with zero

mean and standard deviationrx, is

E xj j½ � ¼ 2

ð1
0

xffiffiffiffiffiffi
2p

p
rx

exp � x2

2r2x

� �
dx ¼

ffiffiffiffi
2

p

r
rx: ð43Þ

Accordingly, E _xxj j½ � becomes

E _xxj j½ � ¼
ffiffiffiffi
2

p

r
r _xx ¼

ffiffiffiffi
2

p

r
xorx: ð44Þ

Now, using the denominators and numerators

derived above, the following closed-form formulas for

equivalent damping ratios of a structure with damping
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devices can be obtained for each case:

neq ¼
1

2M�xo

X
j

cojd
2
rjcosh

2
j for Case 1; ð45Þ

neq ¼ no
/TLuG1/
2M�x2

o

þ /TLuG2/
2M�xo

for Case 2; ð46Þ

neq ¼
1ffiffiffiffiffiffi

2p
p

M�x2
ord

X
j

umaxj drj
�� ��cosh2j for Case 3: ð47Þ

Eqs. (45) and (46) can be derived directly from the
equations of the system dominated by the first mode.
This means that the proposed method is suitable for
the evaluation of the equivalent damping ratio of a lin-
ear system. While the equivalent damping ratio neq for
Cases 1 and 2 can be easily determined only with infor-
mation of / and the properties or the gain of the
damping devices, rd should be known for the evalu-
ation of neq for Case 3. However, since rd is the stan-

dard deviation of top-floor displacement obtained by
seismic analysis of the building-damper system, neq
cannot be predicted in advance of seismic analysis for
the control efficiency. Therefore, an iterative seismic
analysis procedure is necessary for the evaluation of neq
for Case 3. However, even in this case, the prediction
of neq may be possible by using an approximate tech-

nique. Fu and Kasai [11] suggested the following sim-
plified expression to represent the response variation
due to the change in the damping ratio from noto n

SdðnÞ
SdðnoÞ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 25no

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 25n

p ; ð48Þ

where Sd denotes the spectral displacement of a struc-
ture. Since the spectral response is approximately pro-
portional to RMS response, with the help of Eq. (48),
rd can be expressed as a function of rdo :

rd ¼ rdo

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 25no

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 25 no þ neq

� �q ; ð49Þ

where do is the displacement of a structure without
damping device. By using Eq. (49), Eq. (47) can be
expressed as

neq ¼

P
j

umaxj drj
�� ��cosh2j ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 25 no þ neq
� �q

ffiffiffiffiffiffi
2p

p
M�x2

ordo

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 25no

p

¼ C1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 25 no þ neq

� �q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 25no

p ; ð50Þ

in which

C1 ¼

P
j

umaxj drj
�� ��cosh2jffiffiffiffiffiffi

2p
p

M�x2
ordo

:

From Eq. (50), neq can be obtained as

neq ¼
25C2

1 þ C1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
625C2

1 þ 4ð1þ 25noÞ2
q
2ð1þ 25noÞ

: ð51Þ
4. Numerical analysis

4.1. Example 1—three-story shear building

Numerical analysis is performed with two-dimen-
sional three-story shear buildings installed with damp-
ing devices such as VD, AMD and FD. It is assumed
that every story unit is identically constructed. The
mass and stiffness of each story unit are m ¼ 50 ton
and k ¼ 15000 kN=m, respectively. Modal damping
ratios of the building are assumed to be
niði¼1;2;3Þ ¼ 0:02. The mass-normalized mode shape vec-

tors and natural frequencies of the model structures are
listed in Table 1. White noise ground excitation is used
as input earthquake load.

4.1.1. Linear VDs
A linear VD is installed in every inter-story of the

model structure as shown in Fig. 2. Each VD has the
same damping coefficient co. The modal damping ratios
obtained by the proposed approach are compared with
those computed by eigenvalue analysis in Fig. 3. The
comparison of the analysis results indicates that the
damping ratios obtained by the proposed approach are
very close to those obtained by eigenvalue analysis.
The slight difference between eigenvalue analysis and
the proposed method results from the fact that, con-
trary to eigenvalue analysis which obtains the damping
ratio by solving a mathematical equation, the proposed
method derives the modal damping ratio through ana-
lyzing the structural responses induced by a specific
excitation load.

4.1.2. AMD
Generally the control force generated by an AMD is

dependent on the control law applied, and in this study
the linear quadratic regulator (LQR) algorithm is used
as a control law [12]. Fig. 4 depicts the model structure
with an AMD located on the roof floor. The modal
damping ratios are computed by the proposed
Table 1

Modal properties of the model structure
Mode 1
 2
 3
Damping ratio (%) 2
.0
 2.0
 2.0
Frequency (Hz) 1
.23
 3.44
 4.97
Mode shape 1
st floor 0
.0015
 0.0033
 0.0026
2
nd floor 0
.0026
 0.0015
 �0.0033

3
rd floor 0
.0033 �
0.0026
 0.0015
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approach and by eigenvalue analysis, and the results
are presented in Fig. 5. It can be observed that the
damping ratios obtained by the proposed method are
almost identical to those obtained using eigenvalue
analysis. The results show that the proposed method
can be applicable for a structure installed with active
damping devices such as an AMD using LQR control
law. It should be noted that an AMD using LQR, loca-
ted on the roof floor, generally produces a nonpropor-
tional damping effect, which does not agree with the
assumption that damping devices do not affect the
mode shapes of the structure. Therefore, the error
found in Fig. 5 seems to come from either the violation
of the assumption or the same source of error observed
in Fig. 3.
4.1.3. FDs
Fig. 6 describes the model structure with a FD at

each inter-story. The FD dissipates vibration energy by
Coulomb damping resulting from friction against slid-
ing of two dry surfaces. The direction of the damping
force opposes the sign of relative velocity _xxjðtÞ. The
damping force produced by FD installed at the jth
inter-story is represented as follows:

ujðtÞ ¼ �Fcsgn _xxjðtÞ

 �

; ð52Þ

where Fcdenotes the friction force of a damper.
Fig. 7 presents the equivalent damping ratios of the

model structure obtained by the proposed method for

various friction forces of the dampers. FDs with the

same property are installed in every inter-story of the

structure. In Fig. 8, RMS and peak responses obtained

by mode superposition method using the equivalent

damping ratios obtained using Eq. (23) are compared

to those computed by time history analysis of the inte-

grated building-FD system. It can be observed from

the results that the RMS responses are closer to those

from time-history analysis than peak responses. This

tendency is due to the fact that expectation is taken in

Eq. (22) to evaluate equivalent damping ratios. How-

ever, absolute acceleration responses are much smaller

than the exact value obtained by time-history analysis

of the integrated model. This shows that FD, which

always generates maximum friction force whose direc-

tion changes abruptly according to the relative velocity,

is not so effective in the reduction of absolute

acceleration response, and that the equivalent damping

ratio cannot reflect this phenomenon. This tendency

can be confirmed from unreasonably large equivalent

damping ratios in higher modes which have more
. 2. Modified structure with VD
Fig s.
Fig. 3. Damping ratio of a structure with linear VD: (a) 1st mode; (b) 2nd mode; (c) 3rd mode.
4. Model structure with an AM
Fig. D.
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effects on acceleration response than on displacement
response. Therefore, the effects of FD with large
maximum force on absolute acceleration responses may
be overestimated if equivalent damping ratios are used.

4.2. Example 2—ten-story shear building

To verify the accuracy of the proposed equivalent SDOF
model and the closed-form formulas for equivalent damping
ratios, analyses are performed with a ten-story shear build-
ing. Damping devices such as VD, FD, and AMD using
LQR algorithm are used. Linear VD and FD with the same
properties are installed at every inter-story of the building,
and an AMD is installed on the top floor. Each story unit of
the building has identical lumped mass of 100 ton; story
stiffness of ki¼1;:::;4 ¼ 15000 kN, ki¼5;6;7 ¼ 10500 kN, and
ki¼8;9;10 ¼ 7350 kN. The inherent damping matrix is con-
structed so that all the modal damping ratios become 2%.
White noise earthquake excitation is used as an input for the
dynamic analysis.
Fig. 9 presents the maximum and RMS values for

the top-floor displacement of the building equipped
with VDs. The displacements are obtained for:

1. a ten-story shear building model integrated with
damping devices (denoted as the integrated model);
2. an equivalent SDOF system using closed-form for-
mula for the equivalent damping (denoted as the
closed-form formula); and

3. a ten-story shear building model with equivalent
damping ratios computed from Eq. (23) (denoted as
the MDOF system).

The results show that, as expected, the maximum and
RMS displacements decrease as the VD coefficient, co,
increase. It also can be observed that the MDOF sys-
tem reproduces almost the same results as those
obtained from the integrated model, while the equiva-
lent SDOF model using a closed-form formula shows a
little discrepancy. The error in the equivalent SDOF
model is large for small damping, and is caused by the
reduction in system order.
Fig. 10 depicts the equivalent damping ratios eval-

uated by various methods such as:

1. eigenvalue analysis of the model structure with
damping devices;

2. proposed method using Eq. (23);
3. equivalent SDOF system with the equivalent damp-

ing ratios obtained using Eq. (23); and finally
4. equivalent damping ratios computed by the closed-

form formulas.
Fig. 5. Damping ratio of the model structure with AMD: (a) 1st mode; (b) 2nd mode; (c) 3rd mode.
ig. 6. Model structure with FDs
F .
 . Equivalent damping ratio of the model structure with
Fig. 7 FDs.
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the model structure with FDs: (a) RMS displacement; (b) peak displacement; (c) RM
Fig. 8. Top-floor response of S velocity; (d) peak velocity;

(e) RMS acceleration; (f) peak acceleration.
-story displacement of the model structure with VDs: (a) maximum displacements; (b) RMS dis
Fig. 9. Top placements.
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As expected, the equivalent damping ratios increase

with increasing co. The results show that the equivalent

damping ratios for the fundamental mode, obtained

using the closed-form formula (Eq. (24)), are close to

the other equivalent damping ratios, which are

obtained by eigenvalue analysis or earthquake analysis.

It is interesting to note that the difference between

responses becomes small with increasing co, while the

difference between equivalent damping ratio obtained

by the closed-form formula and by the MDOF model

becomes large with increasing co. This fact together

with the findings from Fig. 9 indicates that the vari-

ation of response due to the effect of damping decrea-

ses as the added damping increases.
The analysis results for the model structure with an

AMD controlled by LQR at the top floor are shown in

Fig. 11. The ratio of the top-story displacements of the

controlled and uncontrolled structures is defined as the

reduction ratio Rr. It can be observed from Fig. 11 that
the reduction ratio Rr corresponding to the MDOF
system with equivalent damping ratios and the equiva-
lent SDOF model are very close to those computed
from analysis of the actual MDOF system with AMD
(the integrated model). The fundamental equivalent
damping ratio of the model structure with various
weighting factors for control force, presented in Fig. 12,
shows that, as expected, the equivalent damping
decreases as the weighting factor R increases. It also
can be found that the proposed simplified methods can
provide the fundamental equivalent damping ratio
quite accurately.
Figs. 13 and 14 present the results for the structure

with a FD in every story. Fig. 13 shows the maximum
and the RMS responses of the model structure using
the equivalent damping ratio proposed in this study.
The RMS responses turn out to be closer to exact solu-
tions than maximum responses are. It can be observed
that when the value of Fc is small, the responses pre-
dicted by using the SDOF model overestimate the
responses obtained from the integrated model. How-
ever, as the control force limits increase, this phenom-
enon is reversed, and the SDOF model underestimates
the exact responses at the high control force. The
responses obtained from the MDOF model form lower
bound of the exact solution, and the discrepancy
increases as the control force increases.
The phenomenon observed above can be explained

by the change in equivalent damping presented in
Fig. 14. In structures with nonlinear damping devices,
the modal damping ratios cannot be obtained from
eigenvalue analysis. Therefore the equivalent damping
ratio estimated by the proposed method is assumed to
be precise value. Fig. 14 shows that, compared with the
fundamental damping ratio obtained in the MDOF
system, equivalent damping ratios provided by the
closed-form formula are underestimated, resulting in
ndamental modal damping ratio of the mod
Fig. 10. Fu el structure

with various damping constants of added VDs.
Rr for top-floor displacement of the model structure with an AMD using LQR: (a) maximum
Fig. 11. Reduction ratio displacement; (b) RMS

displacement.
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overestimation of responses. However, the equivalent

damping ratios predicted in the equivalent SDOF

structure using Eq. (23) rather deviate from those

obtained in the MDOF system. Therefore, for a

conservative design of a structure with Coulomb fric-

tion-type damping devices, the proposed closed-form

formula is recommended to estimate the equivalent

damping contributed from the added dampers at the

preliminary analysis and design stages.
5. Conclusions

The objective of this study is to present a simple

method for evaluating equivalent damping ratios of a

structure equipped with supplemental damping devices

to quantify their vibration control effects. Numerical

analysis of a structure with linear damping devices such

as VDs and AMD using LQR proves that the pro-

posed method can evaluate equivalent damping ratios

quite precisely. The method is also validated to be
applicable for estimating equivalent damping ratios of
a structure with nonlinear devices such as Coulomb-
type FDs. Closed-form formulas were derived based on
a probabilistic concept to obtain fundamental modal
damping ratio without carrying out structural analysis.
It was found through the numerical analysis that the
closed-form formulas derived in this study are effective
in estimating equivalent damping ratio of a structure
with various damping devices operated by both linear
and nonlinear control laws. The proposed method is
expected to be a convenient and powerful tool for com-
paring control effect of various added dampers and for
preliminary design of a structure with active or passive
damping devices.
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