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Abstract

We consider a strategic situation in which a firm may conceal the illegal activity of violating envi-

ronmental regulations and a regulator seeks to verify the illegality to punish the firm. We study two

main factors, fines and social monitoring, that influence the firm’s decision in that situation. First, we

find all the possible equilibria of our model and examine conditions of those two factors that lead to

each equilibrium. Using the equilibrium conditions, we then study the optimal enforcement policies that

induce the most socially desirable equilibrium and improve social welfare within each equilibrium. Our

main findings are as follows. First, the two factors have a complementary relationship in getting the

most desirable equilibrium: Certain high levels of fines and social monitoring are both needed. Second,

if making the social monitoring above the certain critical level is impossible, setting the level of the fines

as high as possible may be the optimal enforcement policy. Finally, if setting the fines above the certain

critical level is not available, either, setting the level of the fines as low as possible might be optimal, and

the higher level of the social monitoring does not necessarily bring higher social welfare.
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1 Introduction

Environmental pollution is one of the most critical problems that many countries in the world are

facing today. For example, in China that has been growing rapidly, water pollution is one of the biggest

problems. According to a Chinese government report, 70 percent of China’s rivers, lakes and waterways are

seriously polluted for human consumption, and more than half of this pollution comes from the factories

illegally dumping industrial wastewater. Although there are environmental laws and regulations against the

pollution, they seem to be poorly enforced. One of the reasons for this is due to the difficulty in observing

and verifying the factories’ illegal activities. Namely, it is not a simple task for the environmental protection

agency to observe and verify those illegal activities, because the factories commit the illegal activities secretly

and further make a lot of effort to keep the evidence of those illegal activities undetected. For example, the

factories discharge the hazardous wastewater into the lakes or rivers through pipes at night on a rainy day

and build very long pipes leading far from the factory so that no one may find it out. That is, they put

costly effort into concealing their illegal activities. Therefore, it is very challenging for the environmental

agency to detect and prove the illegal activities even if it has a firm belief in their guilt.

Fortunately, this challenging task for the environmental agency has been recently tackled by citizens’

voluntary participation. For example, Citizens’ Environmental Monitoring Program (CEMP) is a volunteer

water quality monitoring program in Alaska. CEMP citizen volunteers, consisting of all sectors of the society,

actively monitor the environmental conditions, i.e., they collect important data about the environment

quality and relevant issues, distribute them, and raise public awareness of the importance of the environment

in order to detect significant changes in their environment and deter pollution. Not only in Alaska, citizen

volunteers’ endeavor to protect the environment is a worldwide phenomenon, and government organizations

in many countries are cooperating with citizen volunteers to enhance their ability to monitor the environment

and conserve it. Moreover, since the citizens now have tools such as smartphones, cheap satellite imaging

and crowdfunded enterprises that increase the effectiveness and scope of their monitoring, the decentralized

monitoring by the citizens plays an important role as another monitoring unit along with the environmental

protection agency, and its importance is expected to increase a lot in the future.

In this paper we study the role of the citizens’ monitoring in the environmental regulations, and its

relationship with other policy instruments and enforcement activity. To this end we construct a game-

theoretic model that describes a strategic situation between the firm and the environmental regulator. In
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our model, the firm makes a decision on whether or not to comply with the environmental regulations. The

firm gets greater private gains when it violates the regulations than when it complies with them. The firm’s

non-compliance with the regulations causes some damages to the citizens. To punish the firm for breaking

the regulations, the regulator needs to verify it. If the firm’s regulation-breaking activity is verified, a certain

amount of fines is imposed on the firm and is transferred to the citizens. So, after violating the regulations,

the firm may make costly effort in order to garble the fact of its regulation-breaking activity and decrease

the chance of being caught by the regulator. In other words, the firm conceals its illegal activity through

spending costly effort and the regulator tries to verify it through exerting costly effort. In this setting,

we examine the effect of two factors, fines implemented ex post by the regulator and social monitoring

implemented ex ante by the citizens, on the decision made by the firm and corresponding social welfare.

There are many studies of environmental regulations and enforcement that consider the offenders’

behavior of challenging the enforcement actions of the regulatory agency: Kambhu (1989, 1990), Malik

(1990), Heyes (1994, 2000), Nowell and Shogren (1994), Jost (1997), Kadambe and Segerson (1998), Livernois

and McKenna (1999), Innes (2000), Heyes (2002), Arguedas (2005, 2008, 2013), Dijkstra (2007), Rousseau

(2010), Langpap and Shimshack (2010), Goeschl and Jürgens (2012), Arguedas and Rousseau (2012), Cheng

and Lai (2012), Perino and Requate (2012), Colson and Menapace (2012), Ambec and Coria (2013), Prieger

and Sanders (2012), and Cason and Gangadharan (2013). As studied in Malik (1990), we consider two

primary factors, fines and monitoring, and their roles in environmental regulations and enforcement. The

fines measure how severely punished is the firm for its illegal activity, and thus play a role in regulating the

illegal activity as an ex post policy instrument defined by Kolstad et al. (1990).1 As the other factor, in our

paper, the monitoring represents how sensitively alert do the citizens in the society stay to the firm’s activity,

i.e., it measures the degree of sensitivity (awareness) of citizens toward the firm’s behavior and its effect on the

environment. Since this monitoring is implemented by the citizens, not by a regulatory agency, we henceforth

call it “social” monitoring. The social monitoring in our model is a preemptive activity that affects the firm’s

decision on whether to violate the regulations and conceal its illegal activity. Namely, it has the nature of an

ex ante instrument and thus is different from the citizen monitoring in Goeschl and Jürgens (2012), which

is implemented after the firm’s decision-making, i.e., an ex post instrument. More precisely, according to

Mookhergee and Png (1992), the citizen monitoring in Goeschl and Jürgens (2012) belongs to investigation

activities, while the social monitoring in our paper belongs to monitoring activities.2 Along with the fines

1Wittman (1977), Shavell (1984), and Kolstad et al. (1990) categorize enforcement policies into two types: ex ante policies
and ex post policies. Ex ante policies, such as safety standards, Pigouvian taxes, and transferable discharge permits, affect an
activity before the externality is generated, while ex post policies, such as exposure to tort liability, regulate the externality
only after it has been generated and harm has occurred.

2Mookhergee and Png (1992) consider two types of enforcement activities: monitoring and investigation. Monitoring implies
activities the authorities may do before the offenders act. On the other hand, investigation means the authorities’ activities
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and social monitoring, we consider another enforcement activity, a regulator’s verification. In our model, the

regulator tries to verify the firm’s illegal activity for penalizing it. This verification activity of the regulator

belongs to investigation activities in Mookhergee and Png (1992), and it affects the probability of the firm’s

being penalized in our model. Note that, in the model of Malik (1990), the probability of being penalized

is a function of the offender’s outlays on avoidance and the outlays for monitoring. On the contrary, in our

model, that probability is determined by the offender’s outlays and the regulator’s outlays on verification,

not the social monitoring. The enforcement policy and activities considered in this paper and their natures

are summarized in Table 1.

The social monitoring in our model directly affects the firm’s avoidance activity when the firm violates

the regulations, i.e., the firm’s outlays on avoidance: the higher the social monitoring level is, the bigger

outlays the firm has to spend for the avoidance. To elaborately describe the firm’s avoidance activity in

relation to the social monitoring level, we adopt the signaling structure. Specifically, we model the firm’s

avoidance activity as the signaling behavior of the firm: the firm “signals” some information about its activity

by generating an observable message to the regulator, and a level of social monitoring measures how easily

the firm can generate a certain type of message, i.e., how easily the firm can conceal its illegal activity, within

the signaling structure. In a sense this signaling structure resembles the self-reporting in the enforcement

model (see, for example, Malik (1993), Kaplow and Shavell (1994), Livernois and McKenna (1999), and

Innes (2000)). However, in our model, we focus on the role of the social monitoring in the firm’s decision

to generate a false report and do not consider any additional sanction other than the fines for the firm that

violates the regulations and provides the false report, i.e., conceals its illegality.3 Our signaling structure is

also related to the filtered approach to the environmental inspection policy (see Heyes (2002) and Rousseau

(2010)), because, in our model, two different signals (messages) may be utilized by the regulator to figure

out the firm’s behavior and prove it. However, a unique firm’s decision is considered in a one-shot game,

and not a repeated one, in this paper.

In this setting, we first consider the firm’s decisions on compliance or non-compliance and, if non-

compliance, avoidance or nonavoidance, for the given levels of the fines and social monitoring. Then, from

the perspective of social welfare maximization, we examine the critical levels of the fines and social monitoring

that lead to the most desirable equilibrium. Finally, we suggest policy implications for improving the social

welfare in each equilibrium by conducting a comparative-statics analysis with respect to levels of the fines

and social monitoring.

that follow the offenses.
3In section 5, we introduce an extended model in which the additional sanction is imposed against the firm’s concealing

activity. We appreciate the invaluable comments on the additional sanction we received from the editor and the anonymous
reviewer.
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Our main findings are as follows. First, the two factors, the fines (the ex post policy instrument)

and the social monitoring (the ex ante citizen monitoring), are complementary to each other in attaining

the most socially desirable equilibrium. Namely, in order to make the firm comply with the environmental

regulations, levels of the fines and social monitoring should be over the certain critical level, respectively.

This is the first-best enforcement policy. However, if making the level of social monitoring above its critical

level is impossible due to its costs or other constraints, the second-best enforcement policy would be to set

the level of the fines as high as possible (the maximal fines), for the given social monitoring level. This

policy results in a mixed-strategy equilibrium of our game in which the firm violates or complies with the

regulations with strictly positive probabilities, respectively, but the probability of violation decreases as the

level of the fines increases. Hence, setting maximally high fines may be an optimal solution for the social

welfare maximization. If setting the level of the fines above its critical level is not available, either, due to

its costs or other constraints, then the optimal enforcement policy may be to set the level of the fines as low

as possible. This policy derives the equilibrium of our game in which the firm violates the environmental

regulations and pays the fines for its harmful activity without concealing its illegality. This equilibrium

is socially more desirable than the concealment-and-verification equilibrium in which the firm commits its

harmful activity and expends some extra resources for concealing its illegality and so does the regulator for

verifying it.

We further show that both the fines and the social monitoring may cause a negative effect on the

social welfare in the equilibria where the firm violates the regulations and tries to conceal its illegality. In

our model, the social monitoring as an ex ante activity affects the firm’s decision on compliance or non-

compliance. However, the deterrent effect coming from the social monitoring may be dominated by an

increase of the firm’s avoidance activity within the model. As a result, in some cases, the probability of the

firm’s violating the regulations may increase as the level of social monitoring increases. So, a careful, rigorous

consideration should be taken into when we use a policy that may affect the social monitoring level, and this

reaffirms the underlined message of Goeschl and Jürgens (2012), saying “ostensibly sensible measures may

have different effects from those intended”, in our strategic circumstance between the firm and the regulator.

The remainder of the paper is organized as follows. The model is presented in Section 2. Section 3

analyzes all the possible pure- and mixed-strategy equilibria of the model and examines the conditions that

guarantee the existence of each equilibrium. In Section 4, we compare the outcomes of each equilibrium

in terms of social welfare and examine the optimal enforcement policy. Section 5 introduces two extended

models in which an additional sanction is imposed against concealment of the violation, and levels of the

fines and social monitoring are endogenously determined, respectively. Finally, Section 6 concludes.
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2 The model

Consider a firm that seeks to decide whether or not to comply with environmental regulations. The

firm gets private gains of M from violating the regulations (henceforth, choosing activity B), which imposes

social damages of D on citizens, where D > M > 0.4 The firm’s compliance with the regulations (henceforth,

choosing activity G) brings about common gains of m to both the firm and the citizens, where 0 ≤ m < M .5

The activity chosen by the firm may be identifiable, through the damages or gains, to the citizens. However,

to impose fines on the firm for choosing activity B, the activity should be verified to a third party, such as a

court.6 A regulator who represents the citizens seeks to verify it and maximize the citizens’ expected payoff.

Choosing activity B and G, the firm generates a message that may give the regulator some information,

true or false, about the activity chosen by the firm. Namely, the firm may “signal” some information about

its activity by generating an observable message. Let eF denote both the firm’s effort level and its cost,

associated with generating a message, where eF ≥ 0. Let s denote the message which is generated by the

firm, where s ∈ {b, g}. We assume that the firm’s concealment effort eF is not observable to the regulator or

the third party, but the message is observable. If the firm has chosen activity G, then message g is generated

for any value of eF . On the other hand, if the firm has chosen activity B, then message b is generated for

eF < Q, while message g is generated for eF ≥ Q, where Q (> 0) represents level of social monitoring, given

currently to the society. The social monitoring measures how sensitively the citizens stay alert to the firm’s

activity and its effects on the environment, or how easily the firm can cover up activity B. For instance, a

low value of Q implies a low level of social monitoring: The citizens do not pay much attention to the firm’s

activity, and hence the firm can generate message g by expending a low level of concealment effort eF . In the

previous example in China, the factory does not need to build a very long pipe through which it discharges

the wastewater out of the public eye. Just an intermediate or short long pipe would be enough for hiding

its illegal activity if the citizens’ monitoring is not sensitive. Note that, in our model, the social monitoring

is a monitoring activity implemented by the citizens and it is being on before the firm chooses an activity.7

After the firm has chosen an activity and a message has been generated, the regulator may try to verify the

4Having in mind the direct damages of pollution on the citizens, and the associated huge clean-up costs to restore, we assume
that D > M . However, the assumption may not be indispensable. Namely, we could assume that D ≤M , in which case another
assumption, m > M−D

2
, is required to preserve the story line within our model.

5For brevity the common gains of m can be normalized to zero in our model. However, we keep m for explicitly looking at
its role as one of factors that affect the firm’s decision and hence the equilibria in our model.

6In our model, the third party is a neutral agent or entity to judge whether the firm violated the regulations or not and
accordingly enforce the law related to the regulations.

7In our model, we do not explicitly consider the cost of the social monitoring, and the level of social monitoring (Q) is
exogenously given. However, the social monitoring may well be costly and its level will be affected by some factors that
promote the citizens’ awareness of environmental issues such as a campaign, an advertisement, an education, and incentive
schemes provided by the government or NGOs. Later, we will consider its cost and the effect of the change in its level on the
social welfare by conducting a comparative-statics analysis.
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firm’s activity, i.e., the verification activity by the regulator may occur after the firm chooses an activity.

Under the message-generating structure above, the regulator may want to verify to the third party

the activity chosen by the firm. The regulator expends his effort to verify it. Let eR denote the level of

the regulator’s verification effort, which incurs cost of eR, where eR ≥ 0. The probability that the activity

chosen by the firm is verified to the third party depends on both the firm’s concealment effort level and

the regulator’s verification effort level. Let p(verified|s) denote the probability that, given message s, the

activity chosen by the firm is verified. We assume that the verification success functions are

p(verified|s = b) = 1 for all eR ∈ R+, (1)

and

p(verified|s = g) =

 θeR/(θeR + eF ) for eR + eF > 0

1 for eR = eF = 0,
(2)

where θ (≥ 1) reflects the relative effectiveness (technology) of the regulator in the verification process and

R+ denotes the set of all non-negative real numbers. Function (1) implies that, given message b, the third

party immediately finds that the firm has chosen activity B. Function (2) implies that, given message g, the

activity chosen by the firm is either verified or not verified.8

If it is verified that the firm has chosen activity B, then the firm pays fines of kD to the citizens,

where k (≥ 0) determines the level of the fines and measures how severely punished is the firm for its illegal

activity.9 Otherwise, no fines are imposed on the firm.10 We summarize in Table 2 the payoffs for the firm

8Note that if the firm has chosen activity B, then only the first part of function (2) is relevant because the firm should
expend positive effort, greater than or equal to Q, to generate message g after choosing activity B.

9We assume that if the regulator fails to verify the activity chosen by the firm, then the third party finds that the firm has
chosen the other activity. For example, if the firm has chosen activity G and the regulator fails to verify it, the third party
finds that the firm has chosen activity B and the firm pays the fines. However, this case never happens, that is, the firm’s
compliance is always proved in our model, because, given the verification function (2), if the firm has chosen activity G, the
firm does not exert any concealment effort, i.e., eF = 0, and thus the activity G is verified with probability 1 regardless of
the value of eR. Along the same lines, if the firm has chosen activity B, has generated message g, and the regulator fails to
verify it, then the third party finds that the firm has chosen activity G. This means that the third party in our model plays a
passive, conservative role of judging guilt of the firm only on the basis of the obvious proof by the regulator, without considering
the regulator’s (in)efficiency in verifying it. Namely, in this paper, we do not consider the case in which the regulator has so
inefficient technology of verifying the firm’s activity that, given the event in which the regulator has failed to verify activity
B, the third party should take into account the inaccuracy of signaling of that event when it determines the firm’s guilt or
innocence. Definitely, it would be a very interesting work to extend our model into the one where the third party plays an
active role of making its final judgment on the firm’s activity while considering the possible inefficiency of the regulator as well
as the regulator’s verification outcome. We leave it for our future work and thank to the anonymous reviewer on this careful
comment.

10We also assume that the level of the fines (k) is uniformly applied to activity B regardless of whether or not the firm has
tried to conceal it. That is, the two cases, violation without concealment and violation with concealment, in our model are
treated as equivalent from the regulator’s point of view. However, it can be reasonably argued that they should be treated
differently, e.g., a civic infraction for the first case and a criminal infraction for the second case, or that level of the fines should
increase with the degree of severity of the firm’s violation. In section 5, we extend our model and consider the case where an
additional penalty is given to the firm when it is verified that the firm has chosen activity B and concealed it. We are again
grateful to the anonymous reviewer and the editor for these valuable comments.
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and those for the citizens, which depend on the activity chosen by the firm, the message, the concealment

effort level of the firm, and the verification effort level of the regulator.

Assuming that the levels of social monitoring (Q) and the fines (k) are exogenously given in our model,

we formally consider the following game.11 First, given Q and k, the firm chooses between activity B and

activity G, and then determines its concealment effort level eF . Next, if the firm has chosen activity B and

eF < Q, then message b is generated. Otherwise, message g is generated. Next, after receiving the message,

the regulator determines his verification effort level eR. Finally, the activity chosen by the firm is either

verified or not verified, and, if imposed, the fines of kD are paid by the firm to the citizens. The timing of

the game is illustrated in Figure 1, and the notation used and to be used in the paper is summarized in the

table in Appendix A.

All of the above is common knowledge among the firm, the regulator, and the third party. We employ

perfect Bayesian Nash equilibrium as the solution concept.

3 The equilibria of the model

An equilibrium for the game formulated in the preceding section, which is a dynamic game of complete

and imperfect information, consists of three components: a strategy of the firm, a strategy of the regulator,

and the regulator’s belief about the activity chosen by the firm. The strategy of the firm specifies a choice

between activity B and activity G and its corresponding concealment effort level eF . The strategy of the

regulator states the verification effort level eR contingent upon message s received from the firm. The

regulator’s belief is a probability distribution which assigns probabilities to activity B and activity G, given

message g. The belief is updated through Bayes’ rule. In equilibrium the strategy of the firm should be a

best response to the strategy of the regulator and vice versa, given the regulator’s belief. And the regulator’s

belief should be consistent with the strategy of the firm.

We first consider pure-strategy equilibria of the model. The firm has the following three types of pure

strategies:

• Bb: choose activity B and an effort level eF generating message b

• Bg: choose activity B and an effort level eF generating message g

• Gg: choose activity G and an effort level eF generating message g.

11We will later consider the changes in Q and k and their effects on the social welfare in equilibrium by conducting a
comparative-statics analysis.
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In a pure-strategy equilibrium, the firm chooses a type of strategy among Bb, Bg, and Gg with proba-

bility 1. Let us refer to the pure-strategy equilibrium where the firm chooses Bb as equilibrium Bb, the one

where the firm chooses Bg as equilibrium Bg, and the one where the firm chooses Gg as equilibrium Gg.

In a mixed-strategy equilibrium, on the other hand, the firm chooses at least two types of strategies

among Bb, Bg, and Gg, respectively, with strictly positive probabilities. Let us refer to the mixed-strategy

equilibrium where the firm mixes over Bg and Gg as equilibrium Bg⊕Gg, the one where the firm mixes over

Bb and Gg as equilibrium Bb⊕Gg, the one where the firm mixes over Bb and Bg as equilibrium Bb⊕Bg,

and the one where the firm mixes over Bb, Bg, and Gg as equilibrium Bb⊕Bg⊕Gg.

In this section, we first specify equilibrium outcomes at each of the pure and mixed strategy equilibria,

and examine the conditions under which each equilibrium exists. Although the number of all the possible

types of equilibria of our model is seven, three pure and four mixed strategy equilibria, we focus on the

three types of pure-strategy equilibria (equilibrium Bb, equilibrium Bg, equilibrium Gg) and one type of

mixed-strategy equilibrium (equilibrium Bg⊕Gg). The other types of mixed-strategy equilibria (equilibrium

Bb⊕Gg, equilibrium Bb⊕Bg, equilibrium Bb⊕Bg⊕Gg) exist under very particular circumstances and are

not relevant to our main results. These mixed-strategy equilibria are provided in Appendix B.

3.1 Equilibrium Bb

In this equilibrium, the firm chooses activity B and its concealment effort level eF < Q, and message b is

generated. Let us denote the expected payoff of the firm, given the activity chosen and message s generated,

by ΠF (the activity , s). Using function (1), we obtain

ΠF (B, s = b) = M − kD − eF , (3)

where eF < Q. Let eF (the activity , s) denote the optimal level of the firm’s concealment effort which

generates message s, given the activity chosen. Then, straightforwardly, we have

eF (B, s = b) = 0. (4)

In this equilibrium, the regulator receives message b. Given message b, the regulator surely knows that

the firm has chosen activity B. Let us denote the expected payoff of the regulator representing the citizens,
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given message s, by ΠC(s). Using function (1), we have

ΠC(s = b) = −D + kD − eR. (5)

Hence, after receiving message b, it is optimal for the regulator to exert zero effort. Denoting the

optimal level of the regulator’s verification effort, given message s, as eR(s), we have

eR(s = b) = 0. (6)

Lemma 1 summarizes these outcomes in equilibrium Bb.

Lemma 1 (a) eBbF = 0 and eBbR = 0.

(b) ΠBb
F = M − kD and ΠBb

C = −D + kD.

Now we examine conditions that guarantee the existence of equilibrium Bb. If the regulator receives

message g, he is not sure of the activity chosen by the firm. In this case, he forms his belief. Denote

the regulator’s belief that the firm has chosen activity B, given message g, as µ(B|s = g). The belief

µ(B|s = g) ∈ [0, 1] is the regulator’s subjective probability, i.e., he believes that the firm has chosen activity

B and activity G with probabilities µ(B|s = g) and 1− µ(B|s = g), respectively, when receiving message g.

However, in equilibrium Bb, the regulator never receives message g. Therefore, the regulator’s belief,

µ(B|s = g), is not restricted by the equilibrium requirement of consistency condition of the regulator’s belief

with the firm’s strategy. So, we need to ask whether any strategy of the regulator makes the firm’s choosing

activity B and generating message b optimal, and, if so, whether there is a belief of the regulator, µ(B|s = g),

that makes any such strategy optimal. The following proposition summarizes the conditions under which

equilibrium Bb emerges. All the proofs in the paper are presented in Appendix C.

Proposition 1 Equilibrium Bb exists if Q ≥ kD
θ and k ≤ M−m

D :

• Equilibrium Bb in which the regulator has its belief µ(B|g) ≡ β ∈ [ 1
θ , 1] off the equilibrium path exists

if Q ≥ kD
θβ and k ≤ M−m

D .

• Equilibrium Bb in which the regulator has its belief β ∈ [0, 1
θ ] off the equilibrium path exists if Q ≥ kD

and k ≤ M−m
D .

Proposition 1 shows the equilibrium conditions on Q and k that make the firm choose Bb, given the

regulator’s belief, i.e., those under which the firm violates the regulations and does not conceal its activity.
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This firm’s decision can be understood as follows. First, let us consider the firm’s decision between choosing

Bb and Bg. When the firm chooses Bb, its payoff is M − kD, where M is the benefit of violating the

regulations and kD is the cost of it. On the other hand, when the firm chooses Bg, its expected payoff

is M − kD + (1 − p)kD − eF . The first two terms, M − kD, express the payoff obtained when the firm

chooses Bb and the other two terms, (1−p)kD−eF , then represent the expected net benefit of choosing Bg,

compared to choosing Bb. So, according to the sign of the expected net benefit of choosing Bg, the firm’s

decision between Bb and Bg will be made: if the expected net benefit is negative, the firm will choose Bb,

and otherwise, Bg. Specifically, given the regulator’s belief β, if Q ≥ min
{
kD
θβ , kD

}
as shown in Proposition

1, its sign is nonpositive and the firm thus will choose Bb. Note that, in our model, Q denotes the (least)

cost the firm has to bear for concealing its violation (for choosing Bg) and the critical level of Q, resulting in

the nonpositive expected net benefit of choosing Bg, decreases with the regulator’s belief β and its relative

effectiveness θ in the verification process. This means that the more doubts the regulator has on given

message g or the greater verification technology it has, the lower level of Q is required in order to make the

firm not be tempted to conceal its violation. As we will later mention this in detail, it gives us an important

policy implication in a sense that the regulator’s belief as well as the level of Q and k affects the firm’s

decision.

Next, let us consider the firm’s decision between choosing Bb and Gg. When the firm chooses Gg, its

payoff is M − (M −m), where (M −m) stands for the cost of complying with the regulations, i.e., the cost

of cleaning up activity B. Thus, if the cost of the compliance (M −m) is greater than or equal to the cost

of violation without concealment (kD), the firm will choose Bb: M − m ≥ kD ⇔ k ≤ M−m
D . Note this

equilibrium condition on the level of the fines also means that k ≤ M−m
D < 1 since we assume D > M . This

implies that equilibrium Bb exists only when k < 1, i.e., the level of the fines is low enough that the amount

of the fines (kD) the firm must pay for its violation cannot fully compensate for the damages (D) imposed

on the citizens.

Table 3 summarizes the equilibrium conditions and they are visually depicted in the (Q, k)-plane in

Figures 2A and 2B. The set of (Q, k) satisfying the conditions for equilibrium Bb in Proposition 1 corresponds

to the set of all points in the shaded area with 45-degree lines in Figure 2A. Namely, if a pair of Q and k

belongs to that area, the firm realizes that Bb is its best choice of action. Therefore, the firm is expected to

violate the regulations without covering up its activity. In this case, message b is generated and it reveals the

true information about the activity chosen by the firm (activity B) to the regulator. From the figure we also

see that the area for equilibrium Bb extends as (M −m) or θ increases, but it shrinks as D increases. The

raise of (M −m) and θ means an increase in the cost of complying with the regulations and an improvement
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of the regulator’s technology of verifying (accordingly, a decrease in the expected benefit of concealing its

illegality), respectively, and thus the firm would more likely violate the regulations without concealing it.

On the contrary, the firm would less likely violate without concealment as D increases, because the raise of

D results in the increase in the amount of the fines (kD), that is, the increase of the cost of the violation

without concealment.

3.2 Equilibrium Gg

In this equilibrium, the firm chooses activity G, and thus message g is generated for any value of eF .

So, we have

ΠF (G, s = g) = m+ p(verified|s = g)(0) + (1− p(verified|s = g))(−kD)− eF , (7)

where eF ≥ 0. Function (2) implies that after choosing activity G, the firm has no incentive to expend any

effort:

eF (G, s = g) = 0. (8)

Given message g, the regulator chooses its verification effort level eR with his belief µ(B|s = g). By

using the regulator’s belief, function (2), and equation (8), we have the expected payoff of the regulator

(citizens), given message g:

ΠC(s = g) = µ(B|s = g)
(
−D +

θeR
θeR + eF

(kD)
)

+ (1− µ(B|s = g))(m)− eR. (9)

By the way, since the regulator’s belief must be consistent with the strategy of the firm in the equilibrium,

µ(B|g) = 0 holds. Plugging µ(B|g) = 0 into equation (9), we have

ΠC(s = g) = m− eR. (10)

We then have

eR(s = g) = 0. (11)

Lemma 2 summarizes these outcomes in equilibrium Gg.

Lemma 2 (a) eGgF = 0 and eGgR = 0.

(b) ΠGg
F = m and ΠGg

C = m.
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For equilibrium Gg to exist, first, the firm shouldn’t have incentive to deviate from the equilibrium and

choose Bg, given the regulator’s belief, µ(B|s = g) = 0. Second, there shouldn’t be incentive for the firm to

deviate from the equilibrium and choose Bb, either. These conditions are summarized in Proposition 2.

Proposition 2 Equilibrium Gg exists if Q ≥M −m and k ≥ M−m
D .

Proposition 2 presents the equilibrium conditions on Q and k that make the firm choose Gg, i.e., those

under which the firm complies with the regulations. As in Proposition 1, this can be understood as follows.

First, let us consider the firm’s decision between choosing Gg and Bg. When the firm chooses Gg, its payoff

is M − (M −m). On the other hand, when the firm chooses Bg, its payoff is M −p(kD)−eF and it becomes

M − Q when the regulator has its belief µ(B|s = g) = 0, because, given that belief, the firm chooses its

concealment effort level eF equal to its minimum level Q, the regulator chooses his verification effort level

eR equal to 0, and thus the verification probability p gets 0. So, if the cost of the compliance (M −m) is

less than or equal to the cost of the concealment (Q), the firm will choose Gg: M −m ≤ Q. Next, let us

consider the firm’s decision between choosing Gg and Bb. When the firm chooses Bb, its payoff is M − kD,

and thus if the compliance cost (M −m) is less than or equal to the cost of violation without concealment

(kD), then the firm will choose Gg: M −m ≤ kD.

In Figure 2A, the set of (Q, k) satisfying the conditions for equilibrium Gg in Proposition 2 corresponds

to the set of all points in the shaded area with flat lines. That is, if a pair of Q and k belongs to that area,

the firm realizes that Gg is its best choice of action. Therefore, the firm is expected to comply with the

regulations. In this case, message g is generated and the regulator believes that the firm has chosen activity G

and does not exert any verification effort, given that message. This regulator’s belief is reasonable, because,

given the level of Q in that area, it is not beneficial for the firm to choose Bg even when the regulator is

extremely naive and thus does not have any doubt on message g (µ(B|s = g) = 0), and the regulator is aware

of it. As a result, the firm’s message g reveals the true information about the activity chosen by the firm to

the regulator. We also see that the area for equilibrium Gg enlarges as M −m decreases or D increases. It

is straightforward that the firm would more likely prefer to comply with the regulations as the compliance

cost (M −m) decreases or the cost of the violation without concealment (kD) increases. And note that the

equilibrium condition on the level of the fines: k ≥ M−m
D where 1 > M−m

D . This implies that the required

level of the fines for equilibrium Gg is not necessarily greater than or equal to 1.
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3.3 Equilibrium Bg

Now let us consider the outcomes of equilibrium Bg. In this equilibrium, the firm chooses activity B

and generates message g by exerting its concealment effort which is equal to or greater than Q. So, we obtain

from function (2)

ΠF (B, s = g) = M +
θeR

θeR + eF
(−kD)− eF , (12)

where eF ≥ Q. We thus have

eF (B, s = g) = arg max
eF≥Q

ΠF (B, s = g). (13)

Given message g, the regulator forms his belief and chooses its verification effort level. From the

consistency condition of the regulator’s belief with the firm’s strategy in the equilibrium, we substitute

µ(B|g) = 1 into equation (9), and have

ΠC(s = g) = −D +
θeR

θeR + eF
(kD)− eR. (14)

We thus have

eR(s = g) = arg max
eR≥0

ΠC(s = g). (15)

At equilibrium, the firm’s concealment effort and the regulator’s verification effort should be incentive-

compatible. So, we obtain the equilibrium effort levels for the firm and the regulator by solving for equation

(13) and (15) simultaneously in terms of eF and eR. Lemma 3 summarizes these.

Lemma 3 (a) If 0 < Q ≤ θkD
(1+θ)2 ,

• eBgF = θkD
(1+θ)2 and eBgR = θkD

(1+θ)2

• ΠBg
F = M − kD + kD

(1+θ)2 and ΠBg
C = −D + θ2kD

(1+θ)2 .

(b) If θkD
(1+θ)2 < Q ≤ θkD,

• eBgF = Q and eBgR = 1
θ (
√
θkDQ−Q)

• ΠBg
F = M − kD +

√
Q

(√
kD
θ −

√
Q

)
and ΠBg

C = −D + (
√
θkDQ−Q)

(√
kD
θQ −

1
θ

)
.

(c) If θkD < Q,

• eBgF = Q and eBgR = 0

• ΠBg
F = M −Q and ΠBg

C = −D.

Lemma 3 says that, in equilibrium Bg, the firm’s concealment effort level eBgF and the regulator’s

verification effort level eBgR vary with the level of Q, given the level of k, and so do the firm’s and citizens’
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expected payoffs. These changes are summarized visually in Figure 3. Figures 3A and 3B show the changes

of the effort levels of the firm and the regulator in the equilibrium, and Figures 3C and 3D depict the

changes of the expected payoffs. If Q is less than a certain critical level, θkD
(1+θ)2 , then the firm and the

regulator expend the same amount of effort. This effort level is greater than Q, which is minimally required

for generating message g, and is constant regardless of the level of Q. As a result, the expected payoffs for

the firm and the citizens also stay at a constant level regardless of the level of Q. However, if Q is greater

than the critical level, the firm’s concealment effort level linearly increases with the level of Q. That is, the

firm exerts its effort exactly as much as Q, while the regulator exerts less than Q and its effort level changes

with the level of Q in a concave way: it initially increases but decreases eventually as Q increases. Note

that, in this case, the firm’s concealment effort level eBgF is greater than the regulator’s verification effort

level eBgR . The expected payoffs of the firm and the citizens decrease as Q increases. We will later consider

these equilibrium outcomes in relation to enforcement policies on Q and k.

We now specify the conditions which are required for equilibrium Bg to exist. First, there shouldn’t be

incentive for the firm to deviate from the equilibrium and choose Bb. Second, there shouldn’t be incentive

for the firm to deviate from the equilibrium and choose Gg, given the regulator’s belief µ(B|s = g) = 1,

either. Proposition 3 summarizes these conditions.

Proposition 3 Equilibrium Bg exists

• if Q ≤ kD
θ and k ≤ M−m

D or

• if Q ≤ kD
θ , k > M−m

D , M−kD+ kD
(1+θ)2 ≥ m for 0 < Q ≤ θkD

(1+θ)2 , and M−kD+
√
Q

(√
kD
θ −

√
Q

)
≥

m for θkD
(1+θ)2 < Q ≤ kD

θ .

Proposition 3 shows the equilibrium conditions on Q and k that make the firm choose Bg, i.e., those

under which the firm violates the regulations and conceals its activity (generates message g). This can be

understood as follows. We first consider the firm’s decision between choosing Bg and Bb, and we know that

its decision depends on the sign of the expected net benefit of choosing Bg, (1 − p)kD − eF , compared to

choosing Bb. As we have seen in Proposition 1, the expected net benefit of choosing Bg has a nonnegative

sign if Q ≤ min
{
kD
θβ , kD

}
, given the regulator’s belief µ(B|s = g) = β. So, given the regulator’s belief β = 1,

the firm will choose Bg if Q ≤ kD
θ . Now let us consider the firm’s decision between choosing Bg and Gg.

As we see in Figure 2A, the level of k specified in Proposition 3 cannot exceed a certain level, (M−m)
D

(θ+1)2

θ(θ+2) ,

and within this range of k the cost of choosing Bg is less than or at most equal to the compliance cost. The

firm thus will choose Bg.
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In Figure 2A, the set of (Q, k) satisfying the conditions for equilibrium Bg in Proposition 3 corresponds

to the set of all points in the shaded area with 135-degree lines. That is, if a pair of Q and k belongs to

that area, the firm realizes that Bg is the best choice of action. Therefore, the firm is expected to break

the regulations and conceal it. In this case, message g is generated and the regulator believes that the firm

has chosen activity B and exerts effort to verify the firm’s illegality, given that message. This regulator’s

belief is reasonable, because, given the levels of Q and k in that area, it is better for the firm to choose

Bg rather than Gg even when the regulator is extremely cautious and thus always has doubts on message

g (µ(B|s = g) = 1), and the regulator is aware of it. As a result, the firm’s message g reveals the true

information about the activity chosen by the firm to the regulator.

3.4 Equilibrium Bg⊕Gg

In this equilibrium, the firm chooses both Bg and Gg with positive probabilities and message g is

generated. Let us denote the probability the firm assigns to Bg by α ∈ (0, 1) and the probability the firm

assigns to Gg by 1 − α. Since the regulator’s belief should be consistent with the firm’s strategy in the

equilibrium, the regulator’s belief should be as follow:

µ(B|s = g) = α.

After receiving message g, the regulator thus chooses its verification effort level

eR(s = g) = arg max
eR≥0

α
(
−D +

θeR
θeR + eF

(kD)
)

+ (1− α)(m)− eR. (16)

On the other hand, in this equilibrium, the firm chooses its concealment effort level eF , which is

contingent on the activity chosen. Specifically, if activity B is chosen, then the firm chooses its concealment

effort level

eF (B, s = g) = arg max
eF≥Q

M − θeR
θeR + eF

(kD)− eF . (17)

By solving the incentive-compatibility constraints (16) and (17) simultaneously with respect to eF and

eR, we can find the optimal effort levels, eBg⊕GgF and eBg⊕GgR , that the firm and the regulator choose when

activity B is chosen in the equilibrium. We can also compute the expected payoff of the firm ΠBg⊕Gg
F . On

the other hand, if activity G is chosen, the firm doesn’t have incentive to expend any effort and consequently

earns its payoff m by exerting zero effort. Lemma 4 in Appendix B summarizes these.

Lemma 4 shows two possible equilibrium outcomes which are contingent on the activity chosen by the
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firm’s mixed strategy, or the probability distribution (α, 1 − α) over Bg and Gg. If Bg is chosen, the firm

and the regulator behave in a similar way as in equilibrium Bg (Lemma 3). Note that eBg⊕GgF = eBgF ,

eBg⊕GgR = eRF , and πBg⊕GgF = πBgF when α = 1. And as α goes to 1, the outcomes in equilibrium Bg⊕Gg

converge to those in equilibrium Bg. Considering that α is the probability assigned to Bg, these are

easily understandable. On the other hand, if Gg is chosen in the equilibrium, the firm does not exert any

concealment effort (eBg⊕GgF = 0), while the regulator still exerts its verification effort since the regulator

observes only message g, not activity G.

Now we are ready to find out the conditions under which equilibrium Bg⊕Gg exists and the equilibrium

value of α. In the equilibrium, the firm chooses Bg and Gg with positive probabilities, which implies that

the firm should be indifferent between choosing Bg and choosing Gg. Otherwise, the firm would choose

either Bg or Gg with probability 1. Hence, for this mixed strategy equilibrium to exist, the expected payoff

for the firm when activity B is chosen in Lemma 4 should be equal to the one when activity G is chosen.

In addition to this requirement for the firm to mix over the two types of strategies, there shouldn’t be any

incentive for the firm to deviate from the equilibrium and choose Bb. The firm gets its payoff M − kD

from deviating from the equilibrium. Proposition 4 shows these conditions that guarantee the existence of

equilibrium Bg⊕Gg and the value of α in the equilibrium.

Proposition 4 (a) Equilibrium Bg⊕Gg exists if Q ≤M −m and k ≥ M−m
D .

(b) The equilibrium value of α, α∗, is as follows:

• α∗ = 1
θ

(√
kD

kD−M+m − 1
)

if 0 < Q ≤
√
kD(kD −M +m)− (kD −M +m).

• α∗ = kDQ
θ(kD−M+m+Q)2 if

√
kD(kD −M +m)− (kD −M +m) < Q < M −m.

• α∗ is any value that belongs to (0, 1) if Q = M −m.

Proposition 4 presents the equilibrium conditions on Q and k that make the firm randomly choose Bg

and Gg with probabilities α∗ and 1−α∗, respectively. In either case, the firm generates message g. This type

of mixed strategy of the firm can be understood as follows. First, let us consider the firm’s choice between

Bb and Gg. The firm’s payoff is M − kD when it chooses Bb, and M − (M −m) when it chooses Gg. The

firm thus will choose Gg, given the level of k specified in Proposition 4. Next, let us consider the firm’s

decision between choosing Gg and choosing Bg. As in Proposition 3, given the levels of Q and k specified in

Proposition 4, the firm will choose Gg if the regulator is extremely cautious, i.e., its belief is µ(B|s = g) = 1,

whereas the firm will choose Bg if the regulator is extremely naive, i.e., its belief is µ(B|s = g) = 0. That

is, the firm would like to choose either Bg or Gg which is in direct opposition to the regulator’s belief.

Therefore, in this case, it is reasonable for the firm to use the random (mixed) strategy between Bg and Gg
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in order to create the unpredictability of its choice strategically.12

The conditions for the existence of equilibrium Bg⊕Gg are shown in Figure 2B. In Figure 2B, the set of

(Q, k) satisfying the conditions for equilibrium Bg⊕Gg in Proposition 4 corresponds to the set of all points

in the shaded area with backward slashes. In other words, if a pair of Q and k belongs to that area, the

firm realizes that mixing Bg and Gg may be the best choice of action. So, the firm is expected to break

the regulations and conceal it with probability α∗ and comply with them with probability 1− α∗. In either

case, message g is generated and, given the message, the regulator believes that the firm has chosen Bg

with probabilities α∗ and accordingly exerts his verification effort. Unlike the previous equilibria, the firm’s

message g does not fully reveal the true information about the activity chosen by the firm to the regulator.

We carry out a comparative-statics analysis on α∗ in terms of θ, (M−m), Q and k. Proposition 5 summarizes

these.

Proposition 5 (a) ∂α∗

∂θ ≤ 0.

(b) ∂α∗

∂(M−m) ≥ 0.

(c) ∂α∗

∂k ≤ 0.

(d1) ∂α∗

∂Q < 0 if
√
kD(kD −M +m) − (kD − M + m) < Q < M − m for M−m

D ≤ k ≤ 4(M−m)
3D or

kD − (M −m) ≤ Q < M −m for 4(M−m)
3D ≤ k ≤ 2(M−m)

D .

(d2) ∂α∗

∂Q > 0 if
√
kD(kD −M +m) − (kD −M + m) < Q ≤ kD − (M −m) for 4(M−m)

3D ≤ k ≤ 2(M−m)
D

or
√
kD(kD −M +m)− (kD −M +m) < Q < M −m for k ≥ 2(M−m)

D .

Note that α∗ is the probability assigned to Bg in the equilibrium. First, Proposition 5 (a) and (b)

indicate that the firm is less likely to choose Bg as θ increases and (M −m) decreases. This is intuitively

understandable by considering that the increase in θ and the decrease in (M −m) mean the increase of the

regulator’s verifying skill and the decrease of the price of the compliance, respectively. Similarly, we can see

that α∗ decreases with the level of the fines (k), because, as the level of the fines increases, the firm’s payoff

when choosing Bg decreases while it is invariable when choosing Gg. On the other hand, interestingly, the

change of α∗ in terms of Q is not single-acting: α∗ decreases as the social monitoring Q increases within a

specific area in the (Q, k)-plane but increases within the rest of the area. Figure 2C shows this. Figure 2C

presents the values of α∗ in Proposition 4 and shows the comparative-statics analysis on α∗ with respect to

12The mixed strategy for the firm can be understood in the other way. Instead of a single firm, suppose that there are many
and a firm is drawn from a population of firms. The regulator does not know the firm’s characteristics. He only knows that
there are two types of firms: one is using Bg and the other is using Gg, and each type’s proportions are α and 1−α, respectively.
The firm drawn randomly from the population is of either type. So, given message g, the regulator does not know exactly which
activity (among activity B and activity G) has been chosen by the firm.
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Q in (d1) and (d2) of Proposition 5. The set of (Q, k) satisfying the conditions for equilibrium Bg⊕Gg is

divided by three areas, I, II, III. In area I, the value of α∗ is 1
θ

(√
kD

kD−M+m − 1
)

and it is independent of

Q. However, in areas II and III, it is kDQ
θ(kD−M+m+Q)2 and depends on Q. Specifically, α∗ has an invertible

relation with Q in area II but, in area III, it has a positive relation with Q.

4 Net social benefits and optimal enforcement policies

We have so far considered all types of equilibria of the game and examined the conditions on Q and k

that are required for the existence of each equilibrium (see Table 3, Figure 2A, and Figure 2B for details).

In this section we compare net social benefits in equilibrium and consider optimal enforcement policies. We

define the net social benefit in an equilibrium as the sum of the firm’s and the citizens’ expected payoffs in

that equilibrium. Table 4 summarizes it.

Denoting the net social benefit in equilibrium i by Wi, we can easily see that WGg is the greatest among

the net social benefits in all the equilibria. Namely, the net social benefit has the highest value at equilibrium

Gg in which the firm abides by the environmental regulations. Note that equilibrium Gg appears when Q

and k are greater than or at least equal to the critical levels, M −m and M−m
D , respectively. At least these

critical levels of the fines and social monitoring are needed for attaining the most socially desirable outcome.

WBg is obviously the smallest among the net social benefits in all the equilibria. At equilibrium Bg, the

firm violates the regulations and conceals it through generating message g. This causes the damages to the

citizens (D) that exceed the gains for the firm (M). And, in addition, some extra social costs are incurred:

the cost for the firm’s concealing its illegal activity and the cost for the regulator’s trying to verify it. As

a result, the net social benefit has the lowest value in this equilibrium. Note that equilibrium Bg appears

when Q is tied down to the critical level, M−m
θ . This implies that a low level of social monitoring below it

brings the socially worst outcome, even in the case where the level of the fines is above the critical level,

M−m
D , which is required for the existence of equilibrium Gg.

WBb is greater than WBg and less than WGg. Equilibrium Bb appears when k is tied down to the critical

level, M−mD and Q is relatively high. This equilibrium appears even when Q is above the critical level, M−m,

which is required for having equilibrium Gg. This implies that a certain high level of social monitoring is not

the sufficient condition for deriving equilibrium Gg. The effective level of the fines should be accompanied. In

other words, the two factors, the social monitoring (Q) and the fines (k), have a complementary relationship

for achieving the most socially desirable outcome, i.e., equilibrium Gg.

In equilibrium Bg⊕Gg, the firm chooses Bg and Gg with probabilities α∗ and 1−α∗. α∗ in equilibrium
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Bg⊕Gg depends on Q and k, and consequently WBg⊕Gg depends on them as well. Using the results in

Proposition 4 and 5, we find that WBg⊕Gg increases as k goes up and it converges to WGg as k goes to ∞.

Proposition 6 summarizes the comparison of the net social benefits in the equilibria.13

Proposition 6 WGg = limk→∞WBg⊕Gg > WBb > WBg.

From Proposition 6 we know that the optimal enforcement policy that brings the highest net social

benefit is to make levels of the social monitoring (Q) and the fines (k) above the certain critical levels,

respectively (see the conditions for equilibrium Gg in Table 3). Hence, if we do not have any constraint on

choosing the levels of the two factors (the fines and social monitoring) and implementing them, the first-best

enforcement policy is to make those levels above or at least equal to the critical levels. However, if there

is a constraint on determining/implementing the critical level of social monitoring (Q), for example, the

high costs of raising the citizens’ overall sensitivity to the firm’s activity, and thus the first-best enforcement

policy is not available, the second-best one is to set the level of the fines (k) as high as possible. Note

that limk→∞WBg⊕Gg = WGg. Furthermore, if there is also a constraint on setting the level of k and

implementing it and thus the second-best enforcement policy is unavailable, the next optimal enforcement

policy is unclear.14 More careful consideration on it should be taken in this case. For instance, if the level

of social monitoring (Q) is tied down to M−m
θ (see Figure 2A) due to the constraint, the optimal level of

the fines (k) to have the net social benefit as high as possible is not necessarily above a certain high level.

Rather, the optimal level of k may be quite low, because WBb > WBg and the level of k required for having

equilibrium Bb is less than the one for having equilibrium Bg. This means that, given sufficiently high costs

of social monitoring, a low level of the fines (k) could be used to maximize the net social benefit. Under

a sufficiently low level of the fines, the firm does not conceal its violation and just pays the fines, and the

regulator then does not need to make any verification effort, i.e., no active role of the regulator. As a result,

when the social monitoring is sufficiently costly, the social welfare could be maximized by setting a low k and

13In equilibrium Bb⊕Gg, the firm chooses Bb and Gg with probabilities α∗ ∈ [0, 1] and 1−α∗, respectively. Hence, (expected)
WBb⊕Gg is the weighted sum of WBb and WGg . Because, in this mixed-strategy equilibrium, the firm is indifferent between
choosing Bb and choosing Gg and the value of α∗ does not depend on Q or k, we assume that the firm follows a tie-breaking
rule such that the firm chooses a strategy that creates greater net social benefit if choosing a strategy and choosing the other(s)
give it the equal (expected) payoff. Applying this tie-breaking rule, we have WBb⊕Gg ≈ WGg , where ≈ denotes the equality
derived from the tie-breaking rule. We also have WBb⊕Bg⊕Gg ≈ WGg and WBb⊕Bg ≈ WBb. Considering all the equilibria
in our model, the net social benefits in each equilibrium are ranked as follows: WGg ≈ limk→∞WBg⊕Gg ≈ WBb⊕Gg ≈
WBb⊕Bg⊕Gg > WBb ≈WBb⊕Bg > WBg .

14Many studies on the compliance and enforcement of law (regulation) assume that the monetary sanction (imposing fines)
is costless. In practice, however, it may be costly. For instance, if the firm does not agree to paying the fines, administrative
or judicial costs will be incurred in identifying and confiscating the firm’s assets, and these costs will increase with the level of
the fines (k). So, these may be a constraint on setting k as high as possible. Besides, in reality, there exist other constraints
on setting the level of the fines such as existing legislation, the limited assets of the firm, the reasonable level of the fines the
courts accept in terms of marginal deterrence (Stigler, 1970), and political factors that limit the maximum level of the fines.
We appreciate the anonymous reviewer’s insightful comments on this, especially on the possibility of increasing costs in setting
the low level of k in the political economy story.
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thus making the regulator inactive in attempting to fine the firm, i.e., zero regulations or zero regulators.15

Also, note that, in our model, Q denotes the (least) cost the firm has to bear for concealing its violation

(choosing Bg) and the critical level of Q, resulting in the nonpositive net expected benefit for choosing Bg

compared to choosing Bb, decreases with the regulator’s belief β and its relative effectiveness θ. This means

that the more doubts the regulator has on given message g or the greater verification technology it has,

the lower level of Q is required in order to make the firm not be tempted to conceal its violation (choose

Bg). This means that the regulator’s belief and technology as well as the levels of Q and k affect the firm’s

decision and thus should be considered in designing the enforcement policy.

Now we consider the change of the net social benefits in each equilibrium according to the changes of

the two factors, Q and k. Conducting the comparative-statics analysis on Wi with respect to Q and k, we

obtain Proposition 7.

Proposition 7 (a) ∂Wi

∂Q = 0 and ∂Wi

∂k = 0 for i = Bb and Gg.

(b)
∂WBg

∂Q ≤ 0 and
∂WBg

∂k < 0.

(c1)
∂WBg⊕Gg

∂k > 0.

(c2)
∂WBg⊕Gg

∂Q ≤ 0 if
√
kD(kD −M +m)− (kD−M +m) < Q ≤ kD−M +m and 4(M−m)

3D ≤ k ≤ 2(M−m)
D

or
√
kD(kD −M +m)− (kD −M +m) < Q ≤M −m and 2(M−m)

D ≤ k.

(a) in Proposition 7 states that the net social benefits in equilibrium Bb and Gg do not depend on Q

and k, i.e., they are irrelevant to changes in the levels of the two factors. In these equilibria, the firm does

not conceal its activity, namely, the firm’s concealment effort is nothing. Accordingly, the regulator does not

try to verify the firm’s activity, either. Therefore, there is no additional social costs incurred to the firm or

the citizens in these equilibria and the net social benefits are unaffected by the changes in the levels of the

policy instruments.

(b) in the proposition implies that the net social benefits in equilibrium Bg has a negative relationship

with Q and k. That is, in this equilibrium, raising the level of the social monitoring (Q) or the fines (k)

lessens the social welfare. In Section 3.3, for given k, we have seen how the expected payoffs for the firm and

the citizens change according to the changes in the level of Q. See Figure 3C and 3D. The expected payoffs

are constant up to a certain level of Q and, after exceeding that level, they decrease with Q, and so does

their sum (the net social benefit). This can be explained intuitively. Equilibrium Bg appears when the level

of Q is below a certain level, M−mθ . Within this range of Q, the firm’s net benefit of concealing its violation

15We thanks the reviewer for giving this intuitive interpretation from a political economic point of view.
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is positive and, therefore, the firm is willing to exert its costly effort to generate message g. In our model,

Q measures the level of social monitoring and it determines the minimum concealment effort level which

the firm should choose to mimic message g. So, within this equilibrium, if Q increases, then the firm will

accordingly exert more concealment effort. The firm’s effort linearly increases with Q. (See Figure 3A.) If Q

increases, the regulator increases its verification effort but reduces it eventually. (See Figure 3B.) Although

the regulator’s verifying effort eventually decreases as Q increases, the firm’s increasing effort outweighs the

regulator’s decreasing effort and their sum, i.e., the net additional social costs, increase. As a result, the

net social benefit in equilibrium Bg goes down as Q raises. From Lemma 3, we can also show that WBg

decreases with k for given Q: the higher level of the fines is, the less the net social benefit is given. This is

because the firm’s concealment effort level (eBgF ) and/or the regulator’s verification effort level (eBgR ) increase

or at least keep constant as k increases. In short, higher level of the fines and/or social monitoring raise the

additional social costs, and, consequently, the net social benefit becomes smaller.

Contrary to equilibrium Bg, the net social benefit in equilibrium Bg⊕Gg might have a positive relation-

ship with Q and k. Specifically, (c1) in Proposition 7 says that WBg⊕Gg increases in k. This is because α∗ in

equilibrium Bg⊕Gg, or the probability of the firm’s choosing Bg in the equilibrium, is a decreasing function

of k. (See (c) in Proposition 5.) (c2) in Proposition 7 presents an inverse relationship between WBg⊕Gg and

Q, however, note that it holds only when a pair of Q and k belongs to a certain area in the (Q, k)-plane.

Specifically, it applies only for area III in Figure 2C. From the figure we see that this inverse relationship

holds only in the sphere where ∂α∗

∂Q > 0 holds. To put it differently, it implies that WBg⊕Gg might have a

positive relationship with Q at a certain sphere where ∂α∗

∂Q < 0 holds. This gives us an important policy

implication. α∗ consistently decreases as k increases. However, it does not consistently change to Q: it could

decrease or even increase as Q increases according to the current levels of Q and k. This means that, for

given k, raising the level of Q may produce a negative effect. Therefore, when designing the enforcement

policy, more careful consideration should be taken into especially when we make a policy or rule that may

change the level of social monitoring (Q).

5 Extensions

In this section we introduce two possible extensions of our model. In Section 5.1, following most of the

literature on the environmental law and tax compliance, we consider an extended model in which the firm is

penalized for concealing its illegal activity as well as for violating the regulations. In Section 5.2, we consider

another extension in which levels of Q and k are endogenously determined while considering the costs of
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setting the levels of Q and k.

5.1 The penalty for concealment

We have so far assumed that a certain amount of fines (kD) is uniformly applied for activity B regardless

of whether the firm has tried to conceal its illegality or not. Following Lyon and Maxwell (2011) in which

both polluting and misreporting are penalized, we now assume that an additional amount of fines, ∆(> 0),

is imposed on the firm if it is verified that the firm has chosen activity B and concealed its activity by

generating message g. Specifically, the payoff to the firm would be M − (kD + ∆) − eF if the activity B

were verified for given message g.16 Other than this additional penalty, everything within the model stays

constant in our extension. As before, we consider equilibrium outcomes at each of the pure and mixed

strategy equilibria of the extended game, and examine conditions under which each equilibrium exists. The

equilibrium conditions are summarized as follows.

� Equilibrium Bb:

• Equilibrium Bb in which the regulator has its belief µ(B|g) ≡ β ∈ (0, 1] off the equilibrium path exists

– if Q ≤ (kD+∆)θβ
(1+θβ)2 , k ≤ M−m

D , and ∆ ≥ kD
θβ(θβ+2) or

– if (kD+∆)θβ
(1+θβ)2 ≤ Q ≤ (kD + ∆)θβ, k ≤ M−m

D , and ∆ ≥
√
Q(
√

kD+∆
θβ −

√
Q).

• Equilibrium Bb in which the regulator has its belief β ∈ [ kD
(kD+∆)θ , 1] off the equilibrium path exists if

Q ≥ (kD + ∆)θβ and k ≤ M−m
D .

• Equilibrium Bb in which the regulator has its belief β ∈ [0, kD
(kD+∆)θ ] off the equilibrium path exists if

Q ≥ kD and k ≤ M−m
D .

Comparing the equilibrium conditions above to those in Proposition 1, we can see that the constraints

on Q are relaxed in the extension. In Proposition 1, equilibrium Bb exists only when the level of Q is greater

or equal to a critical level (kDθ ). However, in the extension, equilibrium Bb exist even when the level of Q is

tied down by a certain level ( (kD+∆)θβ
(1+θβ)2 ). This is due to the presence of the additional penalty, ∆. In other

words, along with Q and k, we now have another policy instrument ∆ that can be used to orchestrate the

firm’s decision-making. So, even if the level of the social monitoring (Q) is so low that the firm can conceal

16Alternatively, we can assume that the payoff to the firm is M − kγD − eF where γ > 1, and there will be no qualitative
change, compared to the lump-sum fines, ∆.
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its illegal activity with great ease, it is possible to make the firm choose Bb rather than Bg by choosing a

high level of the additional penalty (∆).

� Equilibrium Gg:

• Equilibrium Gg exists if Q ≥M −m and k ≥ M−m
D .

The equilibrium conditions are the same as those in Proposition 2.

� Equilibrium Bg:

• Equilibrium Bg exists

– if Q ≤ θ(kD+∆)
(1+θ)2 , k ≥ θ(2+θ)∆

D , and M − (kD + ∆) + kD+∆
(1+θ)2 ≥ m or

– if θ(kD+∆)
(1+θ)2 ≤ Q ≤

kD+∆
θ , k ≥ (Q+∆)2θ−Q∆

QD , and M − (kD + ∆) +
√
Q(
√

kD+∆
θ −

√
Q) ≥ m.

The equilibrium conditions are a little different from and more complicated than those in Proposition

3.

� Equilibrium Bg⊕Gg:

• Equilibrium Bg⊕Gg exists if Q ≤M −m and k ≥ M−m
D .

• The equilibrium value of α, α∗, is as follows:

– α∗ = 1
θ

(√
kD+∆

kD+∆−M+m − 1
)

if 0 < Q ≤
√

(kD + ∆)(kD + ∆−M +m)− (kD + ∆−M +m).

– α∗ = (kD+∆)Q
θ(kD+∆−M+m+Q)2 if

√
(kD + ∆)(kD + ∆−M +m)− (kD + ∆−M +m) < Q < M −m.

– α∗ is any value that belongs to (0, 1) if Q = M −m.

• The comparative-statics analysis on α∗ is as follow:

∂α∗

∂θ
≤ 0,

∂α∗

∂(M −m)
≥ 0,

∂α∗

∂k
≤ 0,

∂α∗

∂∆
≤ 0.

The equilibrium conditions are the same as those in Proposition 4. And the equilibrium value of α

(α∗) is isomorphic with the one in Proposition 4. The results of the comparative-statics analysis on α∗ are

consistent with those in Proposition 5, except for ∂α∗

∂Q . The sign of ∂α∗

∂Q is not figured out distinctly as in

(d1) and (d2) of Proposition 5.
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The consideration of the additional penalty (∆) for concealment as another policy instrument enriches

our model and raises the practicality of the model. Besides, we are able to identify each equilibrium conditions

in terms of Q, k, and ∆. However, at the same time, it complicates our analysis of figuring out the

distinct relationships among Q, k, and ∆, which provide us with important policy implications to induce the

most socially desirable equilibrium and to improve the social welfare in each equilibrium. Specifically, it is

intractable to visually identify the equilibrium conditions in a three dimensional space (Q, k,∆) as in Figure

2. By the same token, as stated above, it is computationally intractable to find out the sign of ∂α∗

∂Q clearly

as in Proposition 5 and Figure 2C. Because of these difficulties, we could not complete our analysis on the

optimal enforcement policy over Q, k, and ∆ as in Section 4. These are beyond the scope of this paper, and

we leave these for our future work.

5.2 The endogenous choices of Q and k

In our model we have not explicitly considered the costs of choosing the levels of two factors, the social

monitoring and the fines. Therefore, it must be an interesting, important question to endogenize their levels.

For doing this, we need to specify a social utility function that includes the costs of setting their levels as

well as the net social benefits. Specifically, denoting the costs of setting a pair of Q and k by C(Q, k) with

∂C
∂Q ≥ 0 and ∂C

∂k ≥ 0, we can write our optimization problem as follows:

max
{Q,k}

W = δBbWBb + δBgWBg + δGgWGg + δBg⊕GgWBg⊕Gg − C(Q, k)

subject to

δi =

 1 if (Q, k) ∈ Ei

0 otherwise
for i = Bb,Bg,Gg,Bg ⊕Gg,

where Ei is the set of (Q, k) satisfying the conditions for equilibrium i. As in Kolstad et al. (1990) and

Mookhergee and Png (1992), the solutions for this problem will depend on how we define the enforcement

cost function, C(Q, k). We also leave this for our future work.

6 Conclusions

We have examined a game-theoretic model that describes strategic interactions between a firm, the

potential violator of environmental regulations, and a regulator who seeks to verify and punish the firm’s
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illegality. In case of violating the regulations, the firm gets private gains and it inflicts some damages to

the citizens. If the firm’s non-compliance is detected by the regulator, a certain amount of fines is imposed

on the firm. So, the firm makes costly effort in order to conceal its illegal activity. We have considered the

firm’s decision on whether or not to comply with the regulations, considering the two main factors, the fines

and the social monitoring. We then have looked at the optimal enforcement policy that induces the most

socially desirable equilibrium and increases the social welfare in each equilibrium.

We have found that the two factors, the fines and the social monitoring, have the complementary

relationship to derive the most desirable equilibrium. Therefore, making both high level of fines and high

level of social monitoring is the first-best enforcement policy, if there are no constraints in choosing them.

If the first-best enforcement policy is not implementable due to some constraints, setting the level of the

fines as high as possible, for the given level of social monitoring, is the second-best policy. Finally, if the

second-best policy is not implementable, either, setting the level of the fines as low as possible might be the

third-best policy.

In this paper, we have assumed that the regulator represents the citizens, and then analyzed the

interaction between the firm and the regulator. In reality, however, the regulator may have its own objective

function that may differ from the citizens’ one. So, it would be interesting to study the strategic interplay

among the firm, the regulator, and the citizens in a hierarchical structure. In our model, there exists a unique

firm that is the potential offender of the environmental regulations and we have considered the firm’s decision

problem in an one-shot game setting. However, in reality, multiple firms exist and the firms’ decisions and

the enforcement of the regulations repeatedly interact with each other. So, the reputation of the firms may

matter. What happens if we assume that there are multiple firms that interact with each other and the

regulator in a dynamic setting? We leave all these issues for our future work.
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Appendix A: Notation Used in the Paper
Table 5. The notations, variables, and parameters used in the model 

 

  

Definition 

 

 

𝐵 

 

activity of the firm’s violating the regulations 

𝐺 activity of the firm’s complying with the regulations 

𝑏 message generated when the firm has chosen 𝐵 and not concealed it 

𝑔 message generated when the firm has chosen 𝐺 or has chosen 𝐵 and 

concealed it 

𝑒𝐹 firm’s concealment effort (level) 

𝑒𝑅 regulator’s verification effort (level) 

𝑄 level of social monitoring 

𝑘 level of the fines 

𝑀 private gains the firm obtains when it violates the regulations  

𝑚 common gains both the firm and the citizens obtain when the firm complies 

with the regulations 

𝐷 social damages imposed on citizens when the firm violates the regulations 

𝜃 regulator’s relative effectiveness in the verification process 

𝑝 probability that the firm’s activity is verified 

𝜇(𝐵|𝑔) (≡ 𝛽) regulator’s belief (subjective probability) that, given message 𝑔, the firm 

has chosen 𝐵 

𝛼 probability that the firm chooses B and conceals it 
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Appendix B: Lemma 4 in Equilibrium Bg⊕Gg and the Other Equilibria of the

Game

� Equilibrium Bg⊕Gg

Lemma 4 (a) When activity B is chosen

• If 0 < Q ≤ θαkD
(1+θα)2 , then eBg⊕GgF = θαkD

(1+θα)2 , eBg⊕GgR = θα2kD
(1+θα)2 , and ΠBg⊕Gg

F = M − kD + kD
(1+θα)2 .

• If θαkD
(1+θα)2 < Q ≤ θαkD, then eBg⊕GgF = Q, eBg⊕GgR = 1

θ (
√
θαkDQ−Q), and ΠBg⊕Gg

F = M − kD+

√
Q

(√
kD
θα −

√
Q

)
.

• If θαkD < Q, then eBg⊕GgF = Q, eBg⊕GgR = 0, and ΠBg⊕Gg
F = M −Q.

(b) When activity G is chosen

• If 0 < Q ≤ θαkD
(1+θα)2 , then eBg⊕GgF = 0, eBg⊕GgR = θα2kD

(1+θα)2 , and ΠBg⊕Gg
F = m.

• If θαkD
(1+θα)2 < Q ≤ θαkD, then eBg⊕GgF = 0, eBg⊕GgR = 1

θ (
√
θαkDQ−Q), and ΠBg⊕Gg

F = m.

• If θαkD < Q, then eBg⊕GgF = 0, eBg⊕GgR = 0, and ΠBg⊕Gg
F = m.

� Equilibrium Bb⊕Gg

In this equilibrium, the firm chooses Bb and Gg with positive probabilities. Let us denote the probability

the firm assigns to Bb by α ∈ (0, 1) and the probability the firm assigns to Gg by 1 − α. Note that each

different message for each activity chosen is generated in this equilibrium. Because the regulator’s belief

should be consistent with the firm’s strategy in the equilibrium, the regulator forms its belief

µ(B|s = g) = 0

when he receives message g. Therefore, after receiving message g, the regulator doesn’t exert any verification

effort. Similarly, in the equilibrium, the firm chooses its concealment effort level. That is, if Bb is chosen,

the firm doesn’t expend any effort and then gets its payoff M − kD. If Gg is chosen, the firm doesn’t make

any effort, either, and obtains its payoff m. Lemma 5 summarizes these outcomes in the equilibrium.

Lemma 5 (a) When activity B is chosen

• eBb⊕GgF = 0, eBb⊕GgR = 0, and ΠBb⊕Gg
F = M − kD.

(b) When activity G is chosen

• eBb⊕GgF = 0, eBb⊕GgR = 0, and ΠBb⊕Gg
F = m.
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Using Lemma 5, we look for the equilibrium value of α and the conditions that guarantee the existence of

the equilibrium. In equilibrium Bb⊕Gg, the firm chooses Bb and Gg with positive probability, which means

that the firm should be indifferent between choosing Bb and choosing Gg. Otherwise, it is not optimal for the

firm to choose both Bb and Gg randomly. Therefore, for this equilibrium to exist, the payoff the firm obtains

when activity B is chosen in Lemma 5 should be equal to the one when activity G is chosen. In addition

to this condition, there shouldn’t be incentive for the firm to deviate from this equilibrium and choose Bg.

The firm gets its payoff M −Q when deviating from the equilibrium to Bg, because it is optimal for the firm

to choose its minimum concealment effort level Q which generates message g, given the regulator’s belief,

µ(B|s = g) = 0. So, the payoff M − Q should be less than or at most equal to the payoff obtained in

the equilibrium. Proposition 6 describes these conditions for the existence of equilibrium Bb⊕Gg and the

equilibrium value of α.

Proposition 8 Equilibrium Bb⊕Gg exists if Q ≥ kD and k = M−m
D , and the equilibrium value of α, α∗, is

any value that belongs to (0, 1).

In this equilibrium, the firm never chooses Bg since the level of social monitoring is so high that the

concealment cost exceeds the amount of the fines (the cost of the violation without concealment) and the

cleaning cost (the cost of the compliance). The equilibrium conditions are presented in Figure 2B. The set

of (Q, k) satisfying the equilibrium conditions in the proposition corresponds to the set of all points on the

vertical dotted lines.

� Equilibrium Bb⊕Bg

In this equilibrium, the firm mixes over Bb and Bg. Let us denote the probability the firm assigns to

Bb by α ∈ (0, 1) and the probability the firm assigns to Bg by 1− α. Since the regulator’s belief should be

consistent with the firm’s strategy in the equilibrium, the regulator has its belief

µ(B|s = g) = 1

when message g is received. Hence, after receiving message g, the regulator chooses its verification effort

level

eR(s = g) = arg max
eR≥0

−D +
θeR

θeR + eF
(kD)− eR. (18)

In the equilibrium the firm chooses its concealment effort level eF , which is contingent on the strategy

chosen. If Bb is chosen, the firm doesn’t make any concealment effort and has its payoff M − kD. On the
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other hand, if Bg is chosen, the firm chooses its concealment effort level

eF (B, s = g) = arg max
eF≥Q

M − θeR
θeR + eF

(kD)− eF . (19)

By solving the players’ incentive-compatibility conditions (18) and (19) together with respect to eF and

eR, we can find the equilibrium effort levels of the firm and the regulator in case where Bg is chosen. The

equilibrium outcomes are summarized in the following lemma.

Lemma 6 (a) When Bb is chosen

• eBb⊕BgF = 0, eBb⊕BgR = 0, and ΠBb⊕Bg
F = M − kD.

(b) When Bg is chosen

• If 0 < Q ≤ θkD
(1+θ)2 , then eBb⊕BgF = eBb⊕BgR = θkD

(1+θ)2 and ΠBb⊕Bg
F = M − kD + kD

(1+θ)2 .

• If θkD
(1+θ)2 < Q ≤ θkD, then eBb⊕BgF = Q, eBb⊕BgR = 1

θ (
√
θkDQ − Q), and ΠBb⊕Bg

F = M − kD +

√
Q

(√
kD
θ −

√
Q

)
.

• If θkD < Q, then eBb⊕BgF = Q, eBb⊕BgR = 0, and ΠBb⊕Bg
F = M −Q.

We now figure out the equilibrium value of α and the conditions that guarantee the existence of the

equilibrium. In equilibrium Bb⊕Bg, the firm chooses Bb and Bg with positive probability, which means that

the firm should be indifferent between choosing Bb and choosing Bg. Therefore, for this equilibrium to exist,

the payoff the firm obtains when Bb is chosen in Lemma 6 should be equal to the one when Bg is chosen.

In addition to this condition, there shouldn’t be incentive for the firm to deviate from this equilibrium and

choose Gg. The firm gets its payoff m when deviating from the equilibrium to Gg. So, the payoff m should be

less than or at most equal to the payoff obtained in the equilibrium. Proposition 9 describes these conditions

for the existence of equilibrium Bb⊕Bg and the equilibrium value of α.

Proposition 9 Equilibrium Bb⊕Bg exists if Q = kD
θ and k ≤ M−m

D , and the equilibrium value of α, α∗, is

any value that belongs to (0, 1).

Gg is not chosen by the firm in this equilibrium. The equilibrium conditions are shown in Figure 2B.

The set of (Q, k) satisfying the equilibrium conditions in the proposition corresponds to the set of all points

on the dotted line with a positive slope.

� Equilibrium Bb⊕Bg⊕Gg

Finally, let us consider equilibrium Bb⊕Bg⊕Gg in which the firm chooses Bb, Bg, and Gg with respec-

tively positive probabilities. Denote the probability the firm assigns to Bb by α1(> 0), the probability the
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firm assigns to Bg by α2(> 0), and the probability the firm assigns to Gg by α3(> 0), where α1 +α2 +α3 = 1.

Since the belief of the regulator should be consistent with the firm’s strategy in the equilibrium, the regulator

forms its belief

µ(B|s = g) =
α2

α2 + α3

when he receives message g. So, when the regulator receives message g, he chooses its verification effort level

eR(s = g) = arg max
eR≥0

γ
(
−D +

θeR
θeR + eF

(kD)
)

+ (1− γ)(m)− eR, (20)

where γ ≡ α2

α2+α3
.

In the equilibrium, the firm chooses its concealment effort level eF , which is contingent on the strategy

chosen. If Bb is chosen in the equilibrium, the firm makes no effort and consequently obtains its payoff

M − kD. If Bg is chosen, the firm chooses its concealment effort level

eF (B, s = g) = arg max
eF≥Q

M − θeR
θeR + eF

(kD)− eF . (21)

Solving the incentive-compatibility conditions (20) and (21) simultaneously with respect to eF and eR,

we can find how much effort the firm and the regulator expend when Bg is chosen in the equilibrium. Lastly,

if Gg is chosen, the firm gets its payoff m by exerting zero effort. Lemma 7 summarizes these.

Lemma 7 (a) When Bb is chosen

• eBb⊕Bg⊕GgF = 0, eBb⊕Bg⊕GgR = 0, and ΠBb⊕Bg⊕Gg
F = M − kD.

(b) When Bg is chosen

• If 0 < Q ≤ θγkD
(1+θγ)2 , then eBb⊕Bg⊕GgF = θγkD

(1+θγ)2 , eBb⊕Bg⊕GgR = θγ2kD
(1+θγ)2 , and ΠBb⊕Bg⊕Gg

F = M −

kD + kD
(1+θγ)2 .

• If θγkD
(1+θγ)2 < Q ≤ θγkD, then eBb⊕Bg⊕GgF = Q, eBb⊕Bg⊕GgR = 1

θ (
√
θγkDQ−Q), and ΠBb⊕Bg⊕Gg

F =

M − kD +
√
Q
(√

kD
θγ −

√
Q
)

.

• If θγkD < Q, then eBb⊕Bg⊕GgF = Q, eBb⊕Bg⊕GgR = 0, and ΠBb⊕Bg⊕Gg
F = M −Q.

(c) When Gg is chosen

• eBb⊕Bg⊕GgF = 0, eBb⊕Bg⊕GgR is the same as in (b), and ΠBb⊕Bg⊕Gg
F = m.

Let us now find out the equilibrium values of α1, α2, and α3, and the conditions that make equilibrium

Bb⊕Bg⊕Gg exist. In the equilibrium, the firm mixes over Bb, Bg, and Gg with positive probability, which

means that the firm should be indifferent among choosing Bb, choosing Bg, and choosing Gg. Therefore,
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for this equilibrium to exist, the payoffs the firm gets when each strategy is chosen should be equivalent.

This requirement and the equilibrium values of α1, α2, and α3 are presented in the following proposition,

and the equilibrium conditions are seen in Figure 2B. (Q, k) satisfying the conditions for this equilibrium

corresponds to a point.

Proposition 10 Equilibrium Bb⊕Bg⊕Gg exists if Q = kD · min
{

1
θγ∗ , 1

}
and k = M−m

D , and the equi-

librium values of α1, α2, and α3 are any values that satisfy α∗1, α∗2, α∗3 > 0 and α∗1 + α∗2 + α∗3 = 1, where

γ∗ =
α∗2

α∗2+α∗3
.
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Appendix C: Proofs of Propositions

Proof of Proposition 1. In equilibrium Bb the regulator’s belief is not restricted by the consistency

condition. At first, suppose that the regulator has his belief β = 0 off the equilibrium path. Then, when

receiving message g, the regulator chooses eR(g) = 0 with the belief. Having perfect foresight about this,

the firm chooses eF (B, s = g) = Q if it deviates from equilibrium Bb and chooses Bg, and gets its payoff

M − Q. So, the firm will not deviate in this way if Q ≥ kD. If the firm deviates from equilibrium Bb and

chooses Gg, it gets its payoff m by expending no concealment effort. Hence, the firm will not deviate to Gg

if M − kD ≥ m or k ≤ M−m
D . In summary, the non-deviation condition for the firm, given the regulator’s

belief β = 0, is

Q ≥ kD and k ≤ M −m
D

. (∗)

Next, suppose that the regulator has his belief β ∈ (0, 1]. Then, when receiving message g, the regulator

chooses his verification effort level

eR(s = g) = arg max
eR≥0

β
(
−D +

θeR
θeR + eF

(kD)
)

+ (1− β)
(
m
)
− eR. (A1)

Similarly to the above, for equilibrium Bb to exist, the firm shouldn’t have any incentive to deviate to

Bg or Gg, given the regulator’s belief off the equilibrium path. If the firm deviates from the equilibrium and

chooses Bg, it chooses its concealment effort level

eF (B, s = g) = arg max
eF≥Q

M +
θeR

θeR + eF
(−kD)− eF , (A2)

while considering the regulator’s response in (A1). By solving the incentive-compatibility constraints (A1)

and (A2) simultaneously, we have the following outcomes when the firm deviates from equilibrium Bb and

chooses Bg:

• if 0 < Q ≤ θβkD
(1+θβ)2 , eBb

′

F = θβkD
(1+θβ)2 , eBb

′

R = θβ2kD
(1+θβ)2 , ΠBb

′

F = M − kD + kD
(1+θβ)2

• if θβkD
(1+θβ)2 < Q ≤ θβkD, eBb

′

F = Q, eBb
′

R = 1
θ (
√
θβkDQ−Q), ΠBb

′

F = M − kD +
√
Q
(√

kD
θβ −

√
Q
)

• if θβkD < Q, eBb
′

F = Q, eBb
′

R = 0, ΠBb
′

F = M −Q.

Comparing ΠBb
F in Lemma 1 with ΠBb

′

F above, we see that the firm will not deviate to Bg if Q ≥

kD ·min
{

1
θβ , 1

}
. On the other hand, given the belief, if the firm deviates from equilibrium Bb and chooses
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Gg, then it is the best interest for the firm to exert zero effort, and consequently gets its payoff m. Hence,

the firm will not deviate in this way if k ≤ M−m
D . In summary, the non-deviation condition for the firm,

given the regulator’s belief β ∈ (0, 1], is

Q ≥ kD ·min

{
1

θβ
, 1

}
and k ≤ M −m

D
. (∗∗)

Finally, from (∗) and (∗∗), we have the conditions that result in the emergence of equilibrium Bb:

Q ≥ kD

θ
and k ≤ M −m

D
.

Proof of Proposition 2. In equilibrium Gg, the regulator has his belief µ(B|s = g) = 0. Given this belief,

it is optimal for the firm to choose its concealment effort level Q, which is the minimum effort level which

generates message g, if it deviates from the equilibrium to Bg. By deviating in this way, the firm gets its

payoff M−Q. Comparing this and ΠGg
F in Lemma 2, we have the first non-deviation condition: m ≥M−Q.

If the firm deviates from the equilibrium to Bb, then it is optimal for the firm to choose zero effort

level, and hence obtains its payoff M − kD. Comparing this and ΠGg
F in Lemma 2, we have the second

non-deviation condition: m ≥M − kD.

Proof of Proposition 3. Given the regulator’s belief, µ(B|s = g) = 1, the firm gets its payoff M − kD

by deviating from equilibrium Bg to Bb. So, the firm doesn’t have incentive to deviate in this way if

ΠBg
F ≥ M − kD. From Lemma 3, we find the following condition under which ΠBg

F ≥ M − kD holds:

Q ≤ kD
θ .

If the firm deviates from the equilibrium to Gg, then it obtains its payoff m. So, ΠBg
F ≥ m should be

held for the firm not to deviate. Considering both the condition obtained above and the results in Lemma

3, we can find the following conditions that make ΠBg
F ≥ max {M − kD,m} hold:

Q ≤ kD

θ
and k ≤ M −m

D

or

Q ≤ kD

θ
, k >

M −m
D

,M − kD +
kD

(1 + θ)2
≥ m for 0 < Q ≤ θkD

(1 + θ)2
,

and M − kD +
√
Q

(√
kD

θ
−
√
Q

)
≥ m for

θkD

(1 + θ)2
< Q ≤ kD

θ
.
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Proof of Proposition 4. From Lemma 4 we know that the firm’s expected payoff when activity B is

chosen in the equilibrium, ΠBg⊕Gg
F , has different values according to the value of Q. So, we compute the

value of α which equates the firm’s payoff when activity B is chosen with m for each different values of Q.

For example, if 0 < Q ≤ θαkD
(1+θα)2 , then ΠBb⊕Gg

F = M − kD + kD
(1+θα)2 . Equating this with m and solving it

in terms of α, we have

α∗ =
1

θ

(√
kD

kD −M +m
− 1

)
.

Substituting α∗ into 0 < Q ≤ θαkD
(1+θα)2 , we have the equilibrium range of Q under which the firm chooses

activity B with probability α∗ computed above:

0 < Q ≤
√
kD(kD −M +m)− (kD −M +m).

With the similar way, we find out each equilibrium value of α for θαkD
(1+θα)2 < Q < θαkD and for

θαkD ≤ Q, respectively, and specify the equilibrium range of Q for each equilibrium value of α. The range

of Q here is also the condition which is required for the existence of the equilibrium.

In addition to the equilibrium range of Q, for the equilibrium to exist, there shouldn’t be any incentive

for the firm to deviate from the equilibrium. That is, if the firm deviates from the equilibrium and chooses

Bb, its payoff M − kD is obtained. So, we have the following non-deviation condition: m ≥M − kD.
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Table 1
The enforcement policy and activities

TABLE 1 

The enforcement policy and activities 

 

  

Fines 

 

 

Social Monitoring 

 

 

Verification 

 

 

The subject of the act 

 

 

Regulator 

 

Citizens 

 

Regulator 

 

The nature of the act 

 

Ex post instrument 

 

Ex ante activity; 

Monitoring activity 

 

 

Ex post activity; 

Investigation activity 

 

 

 

39



Table 2
The payoffs for the firm and the citizens

TABLE 1 

The payoffs for the firm and the citizens 

 

Activity 

Chosen 
Message Payoff to the Firm Payoff to the Citizens 

  

                   

  
        if verified 

     otherwise 

         if verified 

      otherwise 

    
     if verified 

        otherwise 

    if verified 

        otherwise 
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Table 3
The equilibria of the gameTable 3. The equilibria of the game 

 

 

Equilibria 
 

Conditions 

 

 

 

 

 

 

 

Pure-strategy 

equilibria 

 

 

 

 

 

 

 

 

 

   𝐵𝑏 

 

𝑄 ≥
𝑘𝐷

𝜃
 and 𝑘 ≤

𝑀−𝑚

𝐷
 

 

   𝐺𝑔 

 

𝑄 ≥ 𝑀 − 𝑚 and 𝑘 ≥
𝑀−𝑚

𝐷
 

 

 

 

 

 

   𝐵𝑔 

 

𝑄 ≤
𝑘𝐷

𝜃
 and 𝑘 ≤

𝑀−𝑚

𝐷
  

 

or 
 

𝑄 ≤
𝑘𝐷

𝜃
, 𝑘 >

𝑀−𝑚

𝐷
,  

𝑀 − 𝑘𝐷 +
𝑘𝐷

(1+𝜃)2 ≥ 𝑚 for 0 < 𝑄 ≤
𝜃𝑘𝐷

(1+𝜃)2, and  

𝑀 − 𝑘𝐷 + √𝑄 (√
𝑘𝐷

𝜃
− √𝑄) ≥ 𝑚 for 

𝜃𝑘𝐷

(1+𝜃)2 < 𝑄 ≤
𝑘𝐷

𝜃
 

 

 

 

 

 

 

 

Mixed-strategy 

equilibria 

 

 

 

 

 

 

 

𝐵𝑔⨁𝐺𝑔 

 

𝑄 ≤ 𝑀 − 𝑚 and 𝑘 ≥
𝑀−𝑚

𝐷
 

 

𝐵𝑏⨁𝐺𝑔 

 

𝑄 ≥ 𝑘𝐷 and 𝑘 =
𝑀−𝑚

𝐷
 

 

𝐵𝑏⨁𝐵𝑔 

 

𝑄 =
𝑘𝐷

𝜃
 and 𝑘 ≤

𝑀−𝑚

𝐷
 

 

 

𝐵𝑏⨁𝐵𝑔⨁𝐺𝑔 

 

𝑄 = 𝑘𝐷 ∙ 𝑚𝑖𝑛 {
1

𝜃𝛾∗ , 1}  and 𝑘 =
𝑀−𝑚

𝐷
, where 𝛾∗ =

𝛼2
∗

𝛼2
∗ +𝛼3

∗, 

𝛼1
∗, 𝛼2

∗, 𝛼3
∗ > 0, and 𝛼1

∗ + 𝛼2
∗ + 𝛼3

∗ = 1 
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Table 4
Equilibrium net social benefitsTable 4. The net social benefits in equilibrium 

 

 

Equilibria 
 

Net social benefits 

 

 

 

 

Pure-strategy 

equilibria 

 

 

 

   𝐵𝑏 

 

𝑀 − 𝐷 

 

   𝐺𝑔 

 

2𝑚 

 

   𝐵𝑔 

 

𝑀 − 𝐷 − 𝑒𝐹
𝐵𝑔

− 𝑒𝑅
𝐵𝑔

 

 

 

 

 

 

 

Mixed-strategy 

equilibria 

 

 

 

 

𝐵𝑔⨁𝐺𝑔 

 

𝛼∗(𝑀 − 𝐷) + (1 − 𝛼∗)(2𝑚) − 𝛼∗𝑒𝐹
𝐵𝑔⨁𝐺𝑔

− 𝑒𝑅
𝐵𝑔⨁𝐺𝑔

 

 

 

𝐵𝑏⨁𝐺𝑔 

 

𝛼∗(𝑀 − 𝐷) + (1 − 𝛼∗)(2𝑚) 

 

𝐵𝑏⨁𝐵𝑔 

 

𝑀 − 𝐷 − (1 − 𝛼∗)(𝑒𝐹
𝐵𝑏⨁𝐵𝑔

+ 𝑒𝑅
𝐵𝑏⨁𝐵𝑔

) 

 

𝐵𝑏⨁𝐵𝑔⨁𝐺𝑔 

 

(𝛼1
∗ + 𝛼2

∗)(𝑀 − 𝐷) + 𝛼3
∗(2𝑚) − 𝛼2

∗𝑒𝐹
𝐵𝑏⨁𝐵𝑔⨁𝐺𝑔

 

                                                         −(𝛼2
∗ + 𝛼3

∗)𝑒𝑅
𝐵𝑏⨁𝐵𝑔⨁𝐺𝑔
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         The firm         The firm        The regulator
         chooses         determines       determines
          or B G         e          eF R

             ñ ñ ñ ñ ñ

  and        A message,       The firm's activityQ k
 are given        or ,       is verified orb g
         is generated       not verified

Figure 1.  The Timing of the Game
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𝑸 

𝒌 

𝑀 −𝑚

𝜃
 

𝑀 −𝑚

𝜃 + 2
 

𝑀 −𝑚 

𝑀 −𝑚

𝐷
 

𝑀 −𝑚

𝐷
 
(𝜃 + 1)2

𝜃(𝜃 + 2)
 𝑄 =

𝑘𝐷

𝜃
 

𝑀 − 𝑘𝐷 + 𝑄  𝑘𝐷/𝜃 − 𝑄 = 𝑚 

𝑄 =
𝜃𝑘𝐷

(1 + 𝜃)2
 

Equilibrium Bb 

Equilibrium Gg 

Equilibrium Bg 

𝑸 

𝒌 

𝑀 −𝑚

𝜃
 

𝑀 −𝑚

𝜃
 1 +

𝛼3
∗

𝛼2
∗  

𝑀 −𝑚 

𝑀 −𝑚

𝐷
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

Figure 2A. The pure-strategy equilibria 

Figure 2B. The mixed-strategy equilibria 

Equilibrium Bg⨁Gg 

Equilibrium Bb⨁Gg 

Equilibrium Bb⨁Bg 

Equilibrium Bb⨁Bg⨁Gg 

0 

0 

No pure-strategy Equilibrium 
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𝑸 

𝒌 

(𝑀 −𝑚)/3 

𝑀 −𝑚 

𝑀 −𝑚

𝐷
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Notes:  • When (𝑄, 𝑘) belongs to area I, 𝛼∗ =
1

𝜃
 √

𝑘𝐷

𝑘𝐷−𝑀+𝑚
− 1  and 

𝜕𝛼∗

𝜕𝑄
= 0. 

       • When (𝑄, 𝑘) belongs to area II, 𝛼∗ =
𝑘𝐷𝑄

𝜃(𝑘𝐷−𝑀+𝑚+𝑄)2
 and 

𝜕𝛼∗

𝜕𝑄
< 0. 

       • When (𝑄, 𝑘) belongs to area III, 𝛼∗ =
𝑘𝐷𝑄

𝜃(𝑘𝐷−𝑀+𝑚+𝑄)2
 and 

𝜕𝛼∗

𝜕𝑄
> 0. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(√2 − 1)(𝑀 −𝑚)  

2(𝑀 −𝑚)

𝐷
 

4(𝑀 −𝑚)

3𝐷
 

𝑄 =  𝑘𝐷(𝑘𝐷 −𝑀 +𝑚) 

−(𝑘𝐷 −𝑀 +𝑚) 

𝑄 = 𝑘𝐷 −𝑀 +𝑚 

0 

Figure 2C. The value of 𝛼∗ in equilibrium Bg⨁Gg 
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𝒆𝑭
𝑩𝒈

 

𝑸 𝜃𝑘𝐷

(1 + 𝜃)2
 

𝜃𝑘𝐷

(1 + 𝜃)2
 

𝜃𝑘𝐷

(1 + 𝜃)2
 

𝜃𝑘𝐷

(1 + 𝜃)2
 

𝜃𝑘𝐷 𝜃𝑘𝐷

4
 

𝒆𝑹
𝑩𝒈

 

𝑸 

𝑘𝐷

4
 

Figure 3A. The concealment effort level of the firm in equilibrium 𝐵𝑔 

Figure 3B. The verification effort level of the regulator in equilibrium 𝐵𝑔 

 

0 

45O 

45O 
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𝜫𝑭
𝑩𝒈

 

𝑸 𝜃𝑘𝐷

(1 + 𝜃)2
 

𝑀 − 𝑘𝐷 +
𝑘𝐷

(1 + 𝜃)2
 

𝑘𝐷

𝜃
 

𝜃𝑘𝐷 

𝑀 − 𝑘𝐷 

𝑀 − 𝜃𝑘𝐷 

𝜫𝑪
𝑩𝒈

 

𝑸 𝜃𝑘𝐷

(1 + 𝜃)2
 

𝜃𝑘𝐷 

−𝐷 +
𝜃2𝑘𝐷

(1 + 𝜃)2
 

−𝐷 

Figure 3C. The expected payoff for the firm in equilibrium 

𝐵𝑔 

Figure 3D. The expected payoff for the citizens in equilibrium 

𝐵𝑔 

0 

0 
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