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Definition
Let x = {xc}?2, be a complex sequence. Define

59 1/p
Ixlp = Ixl? (1<p<oo) and ||x][oc := sup |xl|.
— k>0

We also define
m: the set of all bounded sequences
c: the set of all convergent sequences
co: the set of all null sequences
£P: the set of all sequences satisfying ||x]|, < 0o (1 < p < o0)
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Definition
Let x = {xc}?2, be a complex sequence. Define

59 1/p
X[l := Z |x|P (1<p<oo) and |x]oc := sup |xk.
k=0 20

We also define
m: the set of all bounded sequences
c: the set of all convergent sequences
co: the set of all null sequences
£P: the set of all sequences satisfying ||x]|, < 0o (1 < p < o0)

Theorem
@ rPSaGcem
(b) (X |l lloo), where X € {m, c,co}, and (4P, - ||p) (1 < p < o0) are both Banach spaces.
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Definition
Let B = (bnk)n,k>0 be an infinite matrix, and X, Y be two sequence spaces.

(a) For each sequence x = {xx}72,,, we set Bx = {(Bx),}52, be the sequence defined by

(BX),, = Z b,,ka.
k=0

(b) The set (X, Y) denotes the collection of all B such that for each x € X, Bx is well-defined and
BxeY.
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Definition
Let B = (bnk)n,k>0 be an infinite matrix, and X, Y be two sequence spaces.
(a) For each sequence x = {xi}72,, we set Bx = {(Bx)n}32, be the sequence defined by

(BX),, = Z bnka.
k=0

(b) The set (X, Y) denotes the collection of all B such that for each x € X, Bx is well-defined and
BxeY.

Definition
Let (X, || - ]|) and (Y|l - |l«) be two semi-normed sequence spaces. Suppose B € (X, Y).
(a) The semi-norm of the matrix map B: (X, || - ||) — (Y, - ||«) given by x+— Bx is defined by

I1Bllx,y = inf{M > 0: ||Bx||« < M||x]| for all xe X}.

(b) B is said to be bounded and denoted by B € B(X,Y) if ||B||x,y < cc.
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Question: Under which conditions the matrix map B satisfies B € (X, Y) or B € B(X, Y)?
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Question: Under which conditions the matrix map B satisfies B € (X, Y) or B € B(X, Y)?

Definition

We say that B is regular if B € (¢, c) and for all x = {xc}2, € ¢, we have lim (Bx), = lim x.
n— o0 k—o00

C.-T. Chang (i&E:f#) (Feng Chia University) Summability methods



Question: Under which conditions the matrix map B satisfies B € (X, Y) or B € B(X, Y)?

Definition

We say that B is regular if B € (¢, c) and for all x = {xc}2, € ¢, we have lim (Bx), = lim x.
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Theorem (Silverman-Toeplitz Theorem)

B = (bnk)n k>0 fs regular if and only if B satisfies

(b) Ii)m bnk = 0 for each k=0,1,---, and
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(c) nll)n;og bk = 1.
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Definition (Hardy, Divergent Series, 1949; Fast, 1951)

A sequence x = {xx}72,, is called statistically convergent to £ if for each ¢ > 0,
q k=0 y g

lim Hk<n:|xk—4¢ >e} =0,

n—oo n—+ 1

where |K| denotes the cardinality of K C N° (nonnegative integers). In this case, we write
st- lim x, = £ or xi =0
k— o0
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Definition (Hardy, Divergent Series, 1949; Fast, 1951)

A sequence x = {x,}?2, is called statistically convergent to ¢ if for each € > 0,

lim Hk<n:|xk—4¢ >e} =0,

n—oo n—+ 1
where |K| denotes the cardinality of K C N° (nonnegative integers). In this case, we write

. st
st- lim xx = £ or x, — £.
k— 00

. — st lim x,=0.
0, otherwise. k=00

n? if k= n? for some n
Xk =
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Theorem

cogstogstandcgst
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Definition
Let A = (ank)n k>0 be a nonnegative regular matrix.

(a) The A-density of a subset K of N is defined by da(K) = ILm Z it
n—o0
keK
(b) A sequence x = {xk}?2, is called A-statistically convergent to £ if for each € > 0,

6A<{k: X — £ > e}> = lim > au=0.
k:|xk—£|>€

. . sta
In such a case, we write stA—kllm Xk =f or x; = /4.
— 00

(1)
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Definition
Let A = (ank)n k>0 be a nonnegative regular matrix.

(a) The A-density of a subset K of N° is defined by da(K) = ILm Z ank-
keK

(b) A sequence x = {xk}?2, is called A-statistically convergent to £ if for each € > 0,

5A<{k:|xk—5|ze}>:nirgo > au=0.

k:|xk—£|>€

o 0 st,
In such a case, we write sta- lim xx = £ or x, — /.
k— o0

(1)

n

IfA=C = (C(i))n,kzo is the Cesdro matrix defined by cgl) = {
1
— (1) becomes nl|_>ngo m|{k <n:lxx—¥¢ >e€} =0.

= The (;-statistical convergence is the original statistical convergence.
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o’
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Definition

Let x = {xc}?2, be a sequence. x is called A-statistically bounded if there exists a positive number
M such that

Sa({k: x| > M}) =0. (2)

1
For A= G, (2) takes the form lim ——|{k < n:|xk| > M}| = 0. In this case, we say that x
n—oo n—+ 1

is statistically bounded.
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is statistically bounded.

Definition
We define

|Ix||st,: the infimum of those M satisfying (2)
mst,: the set of all A-statistically bounded sequences
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Definition

Let x = {x}?2, be a sequence. x is called A-statistically bounded if there exists a positive number
M such that
oa({k: |xk| > M}) =0. (2)
. 1 .
For A= Cy, (2) takes the form lim ——|{k < n: |xx] > M}| = 0. In this case, we say that x
n—oo n—+ 1
is statistically bounded.
Definition
We define
|Ix||st,: the infimum of those M satisfying (2)
mst,: the set of all A-statistically bounded sequences
Theorem
(a) ¢ C sta C mg,
(b) (X, |l - llsta), where X € {ms,, Sta}, is a semi-normed sequence spaces.
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Question: Suppose that A and D are both nonnegative regular matrices.
For which matrix B, we have B € (sta N m, stp) holds?
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Theorem

Let B= (bu)nks0- If {bai}i € € foralln=0,1,---, { > |b,,k|} is D-statistically bounded,
k=0 n=0
by = stp- lim by exists for each k=0,1,---, b= stp- lim Z bpk, and
n— 00 n—oo —

k=0

SfD-,,'L";ok;Ibnk — Bi| = 0 for K with 5a(K) =0,

then B € (sta N m, stp). Moreover, for x = {xi}32, € stan m,

stp- nlngo(BX)n = (b = Z bk) stA-kILngo Xk + Z byxx,

k=0 k=0

and B: (stanm, | - ||eo) = (Stp, || - |lstp) &given by x — Bx satisfies

b— ZTJk + Z | bl
k=0 k=0
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Theorem

Let B= (bu)nks0- If {bai}i € € foralln=0,1,---, { > |b,,k|} is D-statistically bounded,
k=0 n=0
by = stp- lim by exists for each k=0,1,---, b= stp- lim Z bpk, and
n— 00 n—oo —

k=0

SfD-,,'L";ok;Ibnk — Bi| = 0 for K with 5a(K) =0,
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Corollary

is D-statistically bounded,

Let B= (bnk)n,kZO- If{bnk}iio S El for all n = 0, 1,---, { Z |bnk|}
k=0 0

stp- lim b, =1 for each k=10,1,---, and
n—o00

o0
n=|

stp- n'LrﬂokZ;'b"k' =0 for K with 6a(K) = 0,
(S

then B € (sta N m, stp) and for all x = {x}2, € stan m,

stp- lim (BX),, = sta- lim xg.
n—00 k— 00

and B: (stanm, || - |leo) = (Stp, || - Istp) satisfies || B||stanm,stp = 1.
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Corollary
Let B = (bpk)nk>0- Then B € (stanm,c) and

lim (Bx), = sta- lim x.
n—o00 k— 00

for all x = {xk}32, € stan m if and only if

oo o0
su bni| < oo lim by=1
nzg;| nk| ) ”_”X’kzz:o nk
and

lim > " |bul = 0 for all K with 54(K) = 0.

n—o00
keK
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Definition
Let € R with —a ¢ N. The Cesaro matrix C, = (Cf,i))n,kzo of order « is defined by

(@) —(n_k"ti_l) if k<n
an — (nta) = bl
if k>n
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Definition
Let o € R with —a ¢ N. The Cesaro matrix C, = (cﬁ))n,@o of order « is defined by

(n—k-{—cz—l) f k
o U ) ifk<n,
Cik) = { (t )

if k>n

Corollary
(a) Cq € (stnm,c) if and only if & > 0. Moreover, for all x = {x}2, € stNm,

lim (Cox)n = st- lim xg.
n— o0 k— 00

(b) stc, = st for all & > 0 and for all x = {x}2, € stc,

stc, - lim X, = st- lim X.
k— 00 k— 00
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Definition

Let € R with —a ¢ N. The gamma matrix 'y, = (7,(,2‘)),,,;(20 of order « is defined by

() () if k<n
’Ynk — (n-:a) = )
0 if k> n.
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Definition

Let € R with —a ¢ N. The gamma matrix 'y, = (7,(,2‘)),,,;(20 of order « is defined by

kta—1
(a)_{ %) ifk<n,

f}/nk - ("‘:a)
0 if k> n.

Corollary

Ifa>1, we have Ty, € (st m,c) and lim (I',x), = st- klim xi for all x = {x}2, € stN m.
n—oo — 00

C.-T. Chang (582f#) (Feng Chia University) Summability methods



Definition

Let o € R. The Holder matrix H, = (hf,i))n,kzo of order « is defined by

h(a) - (Z)An_kpk if k<n,
k1 0 if k> n,

where py = (k+ 1)~
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Definition

Let o € R. The Hlder matrix Ho = (h{3) k>0 of order « is defined by

ple) _ (Z)A"‘kpk if k<n,
k1 0 if k> n,

where py = (k+ 1)~

Corollary
(a) Ho € (st m,c) if and only if & > 0. Moreover, for all x= {xx}22, € stN m,

lim (HoX)n = st- lim x.
n— o0 k— 00

(b) sty, = st for all « > 0 and for all x = {x}?2, € sty,,

sty - lim xx = st- lim x.
k—o0 k—00
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Definition
Let g = {qx}2, be a nonnegative sequence with gy > 0. For n=10,1,---, set @, = >_,_, qk. The
weighted mean matrix Wy = (Wnk)n k>0 and the Norlund matrix Ng = (Unk)n k>0 are defined by

_ [ & ifk<n, and B % if k<n,
k=0 ifk>n, k=10 if k> n.
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Definition
Let g = {qx}2, be a nonnegative sequence with gy > 0. For n=10,1,---, set @, = >_,_, qk. The
weighted mean matrix Wy = (Wnk)n k>0 and the Norlund matrix Ng = (Unk)n k>0 are defined by

_ [ & ifk<n, and B % if k<n,
Yok= 00 ifk>n, M= if k> n.

Corollary
If g ={qk}?2, is a bounded nonnegative sequence with qy > 0 and Q, > cn for some ¢ > 0 and
foralln=0,1,---, then Wy, Ny € (stN m, c) and

o (Werda = g, (Noxdn = st- Ji X

for all x = {xi}32, € stN m.
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Thank you for your attention!

C.-T. Chang (i&E:f#) (Feng Chia University) Summability methods



	Introduction
	Statistically convergent sequences
	Matrix maps of statistically convergent sequences
	Special matrix maps

